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PrefaCe

PREFACE

This book, viz. Cryogenic Engineering: Software solutions – Part-III-B, is the third 
volume in the series on Cryogenic Engineering: Software Solutions.

This part is being published in two volumes, viz. Cryogenic Engineering: Software 
solutions – Part-III A and Part-III B. Part-III A contains a brief summary of background 
theory, definitions and formulas and the problems solved with Mathcad. Part-III B contains 
problems solved with Engineering Equation Solver (EES). So, it is advisable that one refers 
to both the parts.

As with the Part-I and II of the series, focus here is on the solutions of problems in 
cryogenic engineering using software such as Mathcad and Engineering Equation Solver 
(EES). Only the essential theory and summary of equations required for calculations are given 
at the beginning of the chapter. 

Advantages of using computer software to solve problems are reiterated:

i) It helps in solving the problems fast and accurately 
ii) Parametric analysis (what-if analysis) and graphical visualization is done very easily. 

This helps in an in-depth analysis of the problem. 
iii) Once a particular type of problem is solved, it can be used as a template and solving 

similar problems later becomes extremely easy. 
iv) In addition, one can plot the data, curve fit, write functions for various properties 

or calculations and re-use them. 
v) These possibilities create interest, curiosity and wonder in the minds of students 

and enthuse them to know more and work more.

This book, viz. Cryogenic Engineering: Software solutions – Part-III-B deals with the 
Cryogenic refrigeration systems. Here, based on the theory and equations summarized 
in Part-III-A, many Functions and Procedures are written using Engineering Equation 
Solver (EES) and problems are solved to illustrate the use of these Functions/Procedures. 

EES has a great advantage that it has in-built Functions for properties of most of the 
cryogenic fluids and materials required for our calculations. Thus, it is very convenient 
to use EES.
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In Part-III A of this book, theoretical background and summary of calculation equations 
are given on various topics under Cryogenic refrigeration systems. Topics covered are:

Thermodynamically ideal isothermal source system, concept of Coeff. of Performance (COP) 
and Figure of Merit (FOM), thermodynamically ideal isobaric source system, simple Linde-
Hampson (L-H) refrigerator, pre-cooled L-H system, Claude refrigeration system, cold gas 
refrigeration system, Philips (or Stirling cycle) refrigerator, Vuilleumier cycle refrigerator, 
Solvay cycle and Gifford-McMahon (GM) cycle refrigerators etc., Magnetic cooling, i.e. 
Adiabatic demagnetization of paramagnetic materials, calculation of magnetic moments and 
entropy of paramagnetic materials, He3-He4 Dilution refrigerator, and Nuclear adiabatic 
demagnetization. Importance of regenerators used in Philips and GM cycle refrigerators and 
the design equations are summarized. Several Functions are written in Mathcad to simplify 
the standard and most required calculations. Students, teachers, researchers and professionals 
may find them very useful.

S.I. Units are used throughout this book. Wide variety of worked examples presented in the 
book should be useful for those appearing for University, AMIE and Engineering Services 
examinations.

Acknowledgements: Firstly, I would like to thank all my students, who have been an 
inspiration to me in all my academic efforts. 

Sincere thanks are due to Rev. Fr. Joseph Lobo, Director, St. Joseph Engineering College, 
Mangalore, for his kindness, regard and words of encouragement. 

I am also thankful to Dr. Thirumaleshwara Bhat, Principal, Sri Madhwa Vadiraja 
Institute of Technology and Management, Bantakal, Udupi, for giving me support in my 
academic activities.

I gratefully remember my former colleagues at the Cryogenics section of Technical Physics 
Division, Bhabha Atomic Research Centre (BARC), Bombay and Centre for Advanced 
Technology, Indore for their sincere cooperation in a true spirit of team-work in all the 
projects that we undertook.

I particularly salute and admire the vision and foresight of former Heads of Technical 
Physics Division, BARC viz. late Mr. C. Ambasankaran, Mr. R.Y. Deshpande, Dr. S.R. 
Gowariker and late Mr. S.S. Ramamurthy in initiating and guiding many of the ‘first of 
its kind’ projects for Indian Space Research Organization (ISRO), wherein the Cryogenics 
section was deeply involved in the design and execution of the projects.
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I am especially grateful to Prof. R.G. Scurlock, former Director of Institute of Cryogenics, 
University of Southampton, (U.K.) for writing a message for the Part-I of this series. 

It was indeed gracious of my former Professor, under whom I studied for M.Sc. in Cryogenics 
at the University of Southampton, U.K. during 1970–72, and worked as a Visiting Research 
Fellow during 1993–94, to honor me by writing this message.

My special thanks to Bookboon.com for publishing this free ebook. Ms Karin Jakobsen 
and the editorial staff have been most patient and helpful.

Finally, I would like to express my sincere thanks and appreciation to my wife, Kala, who, 
as usual, has given me continuous support, help and encouragement in all my academic 
activities, making many silent sacrifices.

M. Thirumaleshwar
January, 2017
Email: tmuliya@rediffmail.com

Note: Along with this book, two zip files are also available for free download. They contain 
several ‘stand alone’ .exe files to calculate performance parameters of many Cryogenics 
liquefiers and refrigerators. They should be of great use for students, teachers and researches 
for quick verification of their calculations.
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4  CRYOGENIC REFRIGERATION 
SYSTEMS: PROBLEMS (EES)

Learning objectives:

1. In this chapter, topics on ‘cryogenic refrigeration systems’ are dealt with.
2. Part-III-A gave theoretical background and summary of calculation equations 

on various topics: thermodynamically ideal isothermal source system, Coeff. of 
Performance (COP), Figure of Merit (FOM), thermodynamically ideal isobaric 
source system, simple Linde-Hampson (L-H) refrigerator, pre-cooled L-H system, 
Claude refrigeration system, cold gas refrigeration system, Philips (or Stirling cycle) 
refrigerator, Vuilleumier cycle refrigerator, Solvay cycle and Gifford-McMahon (GM) 
cycle refrigerators, Magnetic cooling, i.e. Adiabatic demagnetization of paramagnetic 
materials, calculation of magnetic moments and entropy of paramagnetic materials, 
He3-He4 Dilution refrigerator, and Nuclear adiabatic demagnetization. Many 
numerical problems are solved to illustrate the ease of computer calculations using 
Mathcad software.

3. Here, in Part-III-B, we write many Functions and Procedures in Engineering 
Equation Solver (EES) to simplify the calculations.

4. Several problems are worked out to illustrate the use of these EES Functions/
Procedures.

4.1  DEFINITIONS, STATEMENTS AND FORMULAS USED[1–9]: 
SEE PART-III-A

4.2 PROBLEMS SOLVED WITH MATHCAD: SEE PART-III-A

 

4.3 PROBLEMS SOLVED WITH EES

“Prob. 4.3.1 Write an EES Procedure to calculate the COP and Work requirement for a 
Thermodynamically Ideal, Isothermal source system.[1]. And, plot the COP against various 
source temps. Tc for a constant sink temp. Th = 300 K.”
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First, write the EES Procedure:

PROCEDURE Ideal_isoth(Tc, Th:COP_i, WbyQ)

“Inputs: Tc, Th … cold and hot temps, Temp in K”

“Outputs: COP_i, WbyQ (kJ/kJ)”

COP_i:=Tc / (Th – Tc)

WbyQ:= 1 / COP_i “[kJ/kg]”

END

“===========================================================”

Now, use this Procedure to do calculations required:

“Ex:”

Tc = 77 “K”

Th = 300 “K”

CALL Ideal_isoth(Tc, Th:COP_i, WbyQ)
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Results:

To plot COP vs Tc:

First, produce the Parametric Table:
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Now, plot the results:

 

Prob. 4.3.2 Determine the minimum work required to remove 200 W from a region at 
20.4 K if the sink temp is: (a) 300 K (b) 77 K. [1]

EES Solution:

Q = 200 “W… at 20.4 K”

Tc = 20.4 [K]

Th1 = 300 [K]

Th2 = 77 [K]

“W1 = Min. work when Th = 300 K:”

CALL Ideal_issoth(Tc, Th1:COP_i_1, W1byQ)

W1 = W1byQ * Q “W … Min. work reqd when Th = 300 K”

“W2 = Work when Th = 77 K:”
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CALL Ideal_issoth(Tc, Th2:COP_i_2, W2byQ)

W2 = W2byQ * Q “W … Min. work reqd when Th = 77 K”

“========================================================”

Results:

Thus:

Minimum work required to remove 200 W from a region at 20.4 K:

When Th = 300 K: W1 = 2741 W … Ans.

When Th = 77 K: W2 = 554.9 W … Ans.
 

Prob. 4.3.3 Write an EES Procedure to calculate COP and WbyQ for a Thermodynamically 
Ideal, Isobaric source system, for an ideal gas. Then, find COP and WbyQ when source temp 
is from T1 = 112 K to T2 = 190 K, and sink temp T0 = 300 K. Plot COP vs T1by T0.
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EES Solution:

First, write the EES Procedure:

PROCEDURE Ideal_isobaric_IdealGas(T2byT1, T1byT0:COP_i, WbyQ)

“Gives COP and Wby Q for Ideal, isobaric. source refrig … Source temp: from T1 to T2, 
Sink at Th”

“Inputs: T2byT1 = T2/T1, T1byT0 = T1/T0 … where T1 = refrign supplied from lower 
temp T1 to higher temp. T2, 
heat rejected to sink temp at T0, all temps. in K”

“Outputs: COP_i, WbyQ (kJ/kJ)”

COP_i:= (T2byT1 – 1) / ((1 / T1byT0) * ln(T2byT1) – T2byT1 + 1)

WbyQ:= 1 / COP_i “[kJ/kg]”

END

“===========================================================”
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Now, solve the problem:

T1 = 112 [K]

T2 = 190 [K]

T0 = 300 [K]

“Therefore:”

T2byT1 = T2 / T1

T1byT0 = T1 / T0

“Now, call the Procedure:”

CALL Ideal_isobaric_IdealGas(T2byT1, T1byT0:COP_i, WbyQ)

Results:

Note the results:

COP = 0.9683, WbyQ = 1.033 kJ/kJ … Ans.

Now, to plot COP vs T1byT0 for different values of T2byT1:

First, compute the Parametric Table:
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And, now, plot the results:
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Prob. 4.3.4 An ideal, isobaric source refrigerator operates with 300 K as the sink temp, 
while the source temp varies between 70 K and 90 K. For an ideal gas, determine the COP. 
Compare this with the COP of a Carnot refrigerator operating between: (a) 300 K and 70 
K (b) 300 K and 90 K. [1]

EES Solution:

“For Ideal, isobaric source refrigerator:”

T1 = 70 [K]

T2 = 90 [K]

T0 = 300 [K]

“Therefore:”

T2byT1 = T2 / T1

T1byT0 = T1 / T0
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“Now, call the Procedures:”

“For Isobaric source:”

CALL Ideal_isobaric_IdealGas(T2byT1, T1byT0:COP_i, WbyQ)

“For Carnot Refrigerator: between 300 K and 70 K”

Tc1 = 70 [K]

Th = 300 [K]

CALL Ideal_isoth(Tc1, Th:COP_i_1, W1byQ)

“For Carnot Refrigerator: between 300 K and 90 K”

Tc2 = 90 [K]

CALL Ideal_isoth(Tc2, Th:COP_i_2, W2byQ)

Results:

Thus:

For Isobaric source refrig.:

COP = 0.361 … Ans.

For Carnot refrig operating between 70 K and 300 K.:

COP_i_1 = 0.3043 … Ans.

For Carnot refrig operating between 90 K and 300 K.:

COP_i_2 = 0.4286 … Ans.
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Prob. 4.3.5 Write an EES Procedure to find the parameters of a J-T Refrigeration system 
with various working fluids.

EES Procedure:

PROCEDURE JT_Refrign_system(Fluid$, P1, T1, P2, eta_co, eta_hx: Tsat_fluid, Qa_by_m, 
W_by_m, COP, COP_i, FOM)

“Gives various parameters for a JT refrign. system:”
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“Inputs: Fluid$: desired fluid (real)--- Nitrogen, Oxygen, Argon.
P1, P2 (kPa), T1 (K), 

eta_co = compressor overall effcy., eta_hx = heat exchanger effcy.”

“Outputs: Tsat_fluid (K), Qa_by_m (kJ/kg), W_by_m (kJ/kg), COP = Qa_by_W, COP_i, 
FOM = COP/COP_i”

h1:= ENTHALPY(Fluid$, T=T1, P=P1)
s1:= ENTROPY(Fluid$, T=T1, P=P1)

h2 := ENTHALPY(Fluid$, T=T1, P=P2)
s2 := ENTROPY(Fluid$, T=T1, P=P2)

hg := ENTHALPY(Fluid$, x=1, P=P1)

Tsat_fluid := T_sat(Fluid$, P = P1)

W_by_m := (T1 * (s1 – s2) – (h1 – h2)) / eta_co
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Qa_by_m := (h1 – h2) – (1 – eta_hx) * (h1 – hg)

COP := Qa_by_m / W_by_m

COP_i:= Tsat_fluid / (T1 – Tsat_fluid)

FOM:= COP / COP_i 

END

“===========================================================”

“Prob. 4.3.6 In a J-T Refrigeration system with Nitrogen as working fluid, the system works 
between 0.5 bar, 300 K and 152 bar, with isothermal compression. Overall efficiency of 
compressor is 70%, and heat exchangers effcy is 96.5%. Find out the refrig. effect, work 
required, COP and FOM.”

EES Solution:

Fluid$ = ‘Nitrogen’;

P1 = 0.5 * 100 [kPa]

T1 = 300 [K]

P2 = 152 * 100 [kPa]

 eta_co = 0.7

 eta_hx = 0.965

CALL JT_Refrign_system(Fluid$, P1, T1, P2, eta_co, eta_hx: Tsat_fluid, Qa_by_m, W_
by_m, COP, COP_i, FOM)

Results:
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Thus:

Refrig. effect = Qa_by_m = 18.58 kJ/kg … Ans.

Work required = W_by_m = 727.1 kJ/kg … Ans.

COP = 0.02555 … Ans.

COP_i = 0.3148 … Ans.

FOM = 0.8116 … Ans.
 

Plot COP against compressor effcy, as the compressor effcy varies from 0.6 to 1, for 
eta_HX values of 0.96, 0.98 and 1:

First, compute the Parametric Table:
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Now, plot the results:
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Prob. 4.3.7 In a J-T Refrigeration system with Argon as working fluid, the system works 
between 1.013 bar, 300 K and 202.6 bar, with isothermal compression. Efficiencies of 
compressor and heat exchangers are 72% and 98% respectively. Find out the refrig. effect, 
work required, COP and FOM.

EES Solution:

Fluid$ = ‘Argon’;

P1 = 1.013 * 100 [kPa]

T1 = 300 [K]

P2 = 202.6 * 100 [kPa]

 eta_co = 0.72

 eta_hx = 0.98

CALL JT_Refrign_system(Fluid$, P1, T1, P2, eta_co, eta_hx: Tsat_fluid, Qa_by_m, W_
by_m, COP, COP_i, FOM)

Results:

Thus:

Refrig. effect = Qa_by_m = 29.96 kJ/kg … Ans.

Work required = W_by_m = 451.9 kJ/kg … Ans.

COP = 0.06629 … Ans.

COP_i = 0.4104 … Ans.

FOM = 0.1615 … Ans.
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Plot COP against compressor effcy, as the compressor effcy varies from 0.6 to 1, for 
eta_HX values of 0.96, 0.98 and 1:

First, compute the Parametric Table:

Now, plot the results:
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Prob. 4.3.8 Write an EES Procedure to find the various parameters in a pre-cooled JT 
refrigeration system with H2 as the working fluid and N2 as the pre-coolant.

EES Procedure:

PROCEDURE Precooled_JT_H2(P1, T1, P2, P1N2, T1N2, P2N2, eta_cH2, eta_cN2, eta_
HX_main, eta_HX_N2, eta_HX_JT: Tsat_N2, z, Qa_by_m, W_by_m, COP, COP_i, FOM)

“Gives various parameters for a Nitrogen pre-cooled JT refrign. system for Hydrogen:”

“Inputs: P1, P2, P1N2, P2N2 (kPa), T1, T1N2 (K), 
eta_cN2, eta_cH2 = compressor effcy for N2 and H2., eta_HX_main = main heat exchanger 
effcy, eta_HX_N2 = N2 heat exchanger effcy, eta_HX_JT = JTheat exchanger effcy”

“Outputs: Tsat_N2 (K), z = (m_N2/m_H2), Qa_by_m (kJ/kg), W_by_m (kJ/kg), COP = 
Qa_by_W, COP_i, FOM = COP/COP_i”
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h1:= ENTHALPY(Hydrogen, T=T1, P=P1)
s1:= ENTROPY(Hydrogen, T=T1, P=P1)

h2 := ENTHALPY(Hydrogen, T=T1, P=P2)
s2 := ENTROPY(Hydrogen, T=T1, P=P2)

hg := ENTHALPY(Hydrogen, x=1, P=P1)

ha := ENTHALPY(Nitrogen, T=T1N2, P=P1N2)

hb := ENTHALPY(Nitrogen, T=T1N2, P=P2N2)

sa := ENTROPY(Nitrogen, T=T1N2, P=P1N2)

sb := ENTROPY(Nitrogen, T=T1N2, P=P2N2)

he := Enthalpy(Nitrogen, x=1, P=P1N2)

Tsat_N2 := T_sat(Nitrogen, P = P1N2)
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T7 :=Tsat_N2

h7 := ENTHALPY(Hydrogen, T=T7, P=P1)

h4 := ENTHALPY(Hydrogen, T=T7, P=P2)

Qa_by_m := (h7 – h4) – (1 – eta_HX_JT) * (h7 – hg) 

z := (Qa_by_m – ((h1 – h2) – (1 – eta_HX_main) * (h1 – hg))) / ((ha – hb) – (1 -eta_
HX_N2) * (ha – he))

AA := T1 * (s1 – s2) – (h1 – h2)

BB := T1N2 * (sa – sb) – (ha – hb)

W_by_m :=AA / eta_cH2 + z * BB / eta_cN2

COP := Qa_by_m / W_by_m

TL := T_sat(Hydrogen, P = P1)

COP_i:= TL / (T1 – TL)

FOM:= COP / COP_i 

END

“===========================================================”

Prob. 4.3.9 Determine the refrig. effect, COP, and FOM for a pre-cooled JT liquid hydrogen 
refrigerator, if the hydrogen is compressed between 101.3 kPa and 8.1 MPa and 300 K. The 
nitrogen is compressed between 101.3 kPa and 15.2 MPa and 300 K. The main HX has an 
effectiveness of 0.99 and the pre-coolant HX has an effectiveness of 0.98. The cold HX (or 
the JT HX) in the hydrogen circuit has an effectiveness of 0.96 and both the compressors 
may be assumed 100% efficient. [1]
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EES Solution:

We use the above written EES Procedure:

P1 = 101.3 [kPa]

P2 = 8.1E03 [kPa]

T1 = 300 [K]

P1N2 = 101.3 [kPa]

P2N2 = 15.2E03 [kPa]

T1N2 = 300 [K]

eta_HX_main = 0.99

eta_HX_N2 = 0.98

eta_HX_JT = 0.96
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eta_cH2 = 1

eta_cN2 = 1

CALL Precooled_JT_H2(P1, T1, P2, P1N2, T1N2, P2N2, eta_cH2, eta_cN2, eta_HX_main, 
eta_HX_N2, eta_HX_JT: Tsat_N2, z, Qa_by_m, W_by_m, COP, COP_i, FOM)

Results:

Thus:

Refrig. effect = Qa_by_m = 133.4 kJ/kg … ns.

COP = 0.01375 … Ans.

FOM = 0.1885 … Ans.
 

“Prob. 4.3.10 Determine the refrig. effect, COP, and FOM for a pre-cooled JT liquid 
hydrogen refrigerator, if the hydrogen is compressed between 101.3 kPa and 10.13 MPa 
and 300 K. The nitrogen is compressed between 101.3 kPa and 20.3 MPa and 300 K. The 
main HX has an effectiveness of 0.98 and the pre-coolant HX has an effectiveness of 0.97. 
The cold HX (or the JT HX) in the hydrogen circuit has an effectiveness of 0.95 and both 
the compressors may be assumed 75% efficient. [1]”

EES Solution:

We use the above written EES Procedure:

P1 = 101.3 [kPa]

P2 = 10.13E03 [kPa]

T1 = 300 [K]
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P1N2 = 101.3 [kPa]

P2N2 = 20.3E03 [kPa]

T1N2 = 300 [K]

eta_HX_main = 0.98

eta_HX_N2 = 0.97

eta_HX_JT = 0.95

eta_cH2 = 0.75

eta_cN2 =0.75

CALL Precooled_JT_H2(P1, T1, P2, P1N2, T1N2, P2N2, eta_cH2, eta_cN2, eta_HX_main, 
eta_HX_N2, eta_HX_JT: Tsat_N2, z, Qa_by_m, W_by_m, COP, COP_i, FOM)

Results:

Thus:

Refrig. effect = Qa_by_m = 146.4 kJ/kg … Ans.

COP = 0.01018 … Ans.

FOM = 0.1396 … Ans.
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Also, plot the effect of variation of eta_HX_JT on various parameters, if other conditions 
remain the same:

First, compute the Parametric Table:
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Now, plot the results:
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Prob. 4.3.11 Determine the refrig. effect, COP, and FOM for a pre-cooled JT liquid hydrogen 
refrigerator, if the hydrogen is compressed between 1.013 bar and 152 bar and 294 K. The 
nitrogen is compressed between 1.013 bar and 202.6 bar and 294 K. The nitrogen flow 
rate ratio (z) is 5. The main HX and the pre-coolant HX have an effectiveness of 100% 
each. Find the effectiveness of cold HX (or the JT HX) in the hydrogen circuit if both the 
compressors are 100% efficient. [1]

EES Solution:

We shall use the EES Procedure for Pre-cooled HT refrig. written earlier:

P1 = 101.3 [kPa]

P2 = 152E02 [kPa]

T1 = 294 [K]

P1N2 = 101.3 [kPa]

P2N2 = 202.6E02 [kPa]
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T1N2 = 294 [K]

eta_HX_main = 1

eta_HX_N2 = 1

eta_cH2 = 1

eta_cN2 =1

z = 5

eta_HX_JT = ?

CALL Precooled_JT_H2(P1, T1, P2, P1N2, T1N2, P2N2, eta_cH2, eta_cN2, eta_HX_main, 
eta_HX_N2, eta_HX_JT: Tsat_N2, z, Qa_by_m, W_by_m, COP, COP_i, FOM)

Results:

Thus:

Effectiveness of JT HX = eta_HX_JT = 0.8323 … Ans.

Note: Note the ease with which this result is obtained in EES.
 

Prob. 4.3.12 Write an EES Procedure to find the various parameters in a Claude refrigeration 
system, where a fraction x of the gas compressed in the compressor is sent through the expander.
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EES Procedure:

PROCEDURE Claude_refrig(Fluid$, P1, T1, P2, T3, eta_co, eta_e_ad, eta_em, Fraction_x: 
Tsat_fluid, Qa_by_m, W_by_m, COP, COP_i, FOM)

“Gives various parameters for a Claude refrign. system for a given Fluid”

“Inputs: P1, P2, (kPa), T1, T3 (K), 
eta_co= compressor effcy ., , eta_e_ad = adab. effcy of expander, , eta_em = mech. effcy 
of expander, Fraction_x = fraction of the gas compressed that goes through the expander”

“Outputs: Tsat_fluid (K), Qa_by_m (kJ/kg), W_by_m (kJ/kg), COP = Qa_by_W, COP_i, 
FOM = COP/COP_i”

h1:= ENTHALPY(Fluid$, T=T1, P=P1)
s1:= ENTROPY(Fluid$, T=T1, P=P1)

h2 := ENTHALPY(Fluid$, T=T1, P=P2)
s2 := ENTROPY(Fluid$, T=T1, P=P2)

h3 := ENTHALPY(Fluid$, T=T3, P=P2)
s3 := ENTROPY(Fluid$, T=T3, P=P2)
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se := s3

he := ENTHALPY(Fluid$, s=se, P=P1)

Tsat_fluid := T_sat(Fluid$, P = P1)

Qa_by_m := (h1 – h2) + Fraction_x * eta_e_ad * (h3 – he)

AA := (T1 * (s1 – s2) – (h1 – h2)) / eta_co

BB := Fraction_x * eta_e_ad * eta_em * (h3 – he)

W_by_m :=AA – BB

COP := Qa_by_m / W_by_m

TL := Tsat_fluid

COP_i:= TL / (T1 – TL)
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FOM:= COP / COP_i 

END

“===========================================================”

Prob. 4.3.13 In an ideal Claude refrigeration system using nitrogen as the working fluid, the 
gas enters the reversible isothermal compressor at 1.013 bar, and 300 K, and is compressed 
to 40.5 bar. Determine the expander mass flow rate ratio (x = me/m) required to result 
in a refrigeration effect of 80 kJ/kg, if the gas enters the reversible adiabatic expander at 
4.5 bar and 240 K. [1]

EES Solution:

Using the EES Procedure written above:

Fluid$ = ‘Nitrogen’

P1 = 101.3 [kPa]

T1 = 300 [K]

P2 = 4050 [kPa]

T3 = 240 [K]

eta_co = 1

eta_e_ad = 1

eta_em = 1

Qa_by_m = 80 [kJ/kg]

CALL Claude_refrig(Fluid$, P1, T1, P2, T3, eta_co, eta_e_ad, eta_em, Fraction_x: Tsat_fluid, 
Qa_by_m, W_by_m, COP, COP_i, FOM)
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Results:

Thus: 

Fraction_x = 0.4675 to get a refrign of Qa_by_m = 80 kJ/kg … Ans.

Further:

COP = 0.3121 … Ans.

FOM = 0.8984 … Ans.
 

Plot the refrig. effect and COP against Fraction_x as Fraction_x varies from 0.1 to 0.6:

First, compute the Parametric Table:
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Now, plot the results:
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Prob.4.3.14 In the above problem, if the compressor overall efficiency is 75%, adiabatic 
efficiency and mech. efficiency of expander are 80% and 90%, other quantities remaining 
the same, find the refrig. effect and COP.

EES Solution:

Fluid$ = ‘Nitrogen’

P1 = 101.3 [kPa]

T1 = 300 [K]

P2 = 4050 [kPa]

T3 = 240 [K]

eta_co = 0.75

eta_e_ad = 0.8

eta_em = 0.9
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Fraction_x = 0.4675 “…from previous problem, i.e. Prob.4.3.13”

CALL Claude_refrig(Fluid$, P1, T1, P2, T3, eta_co, eta_e_ad, eta_em, Fraction_x: Tsat_fluid, 
Qa_by_m, W_by_m, COP, COP_i, FOM)

Results:

Thus: 

Refrign effect = Qa_by_m = 65.67 kJ/kg … Ans.

COP = 0.1703 … Ans.

FOM = 0.4901 … Ans.
 

Prob.4.3.15 In a refrigeration system with a wet gas expander (see the fig.), the working 
fluid is helium, which enters the main compressor at 270 K and 4.053 bar. Compressors 
and expanders may be assumed to have efficiencies as shown below. At point 3, 30% of 
the main stream is by-passed to the main expander at a temp of 200 K and 40.53 bar. The 
helium gas leaves the main compressor at 300 K and 40.53 bar. The helium enters the low 
temp compressor at 1.013 bar and sat. vapor conditions and leaves at 4.053 bar. Determine 
the coeff. of performance and the FOM. [1]
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First, write an EES Procedure to calculate various parameters for a “Cold gas 
refrigeration system”:

PROCEDURE Coldgas_refrig_He(P1, T1, P2, T2, T3, P7, Fraction_x, eta_co, eta_c, 
eta_ad_e1, eta_m_e1, eta_ad_e2: T7, Qa_by_m, Wc1_by_m, Wc2_by_m,We1_by_m, 
We2_by_m, Wnet_by_m, COP, COP_i, FOM)

“Gives various parameters for a Cold gas refrign. system for Helium as working fluid”

“Inputs: P1, P2, P7 (kPa), T1, T2,T3 (K), 
eta_co= compressor overall effcy .,eta_c = effcy of wet compressor, eta_ad_e1 = adab. effcy 
of expander 1, , eta_m_e1 = mech. effcy of expander 1, eta_ad_e2 = adab. effcy of wet 
expander, Fraction_x = fraction of the gas compressed that goes through the expander,”

“Outputs: T7 (K), Qa_by_m (kJ/kg), We1_by_m, We2_by_m, Wc1_by_m, Wc2_by_m, 
Wnet_by_m (kJ/kg), COP, COP_i, FOM”

h1:= ENTHALPY(Helium, T=T1, P=P1)
s1:= ENTROPY(Helium, T=T1, P=P1)

h2 := ENTHALPY(Helium, T=T2, P=P2)
s2 := ENTROPY(Helium, T=T2, P=P2)

P3 := P2
P5 := P2
P8 := P1

T7 := T_sat(Helium, P = P7)
h3 := ENTHALPY(Helium, T=T3, P=P3)
s3 := ENTROPY(Helium, T=T3, P=P3)

se := s3

he := ENTHALPY(Helium, s=se, P=P8)

h7 := Enthalpy(Helium, x=1, P=P7)
s7 := Entropy(Helium, x=1, P=P7)

sg := s7
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s8:= s7

h8 := ENTHALPY(Helium, s=s8, P=P8)

sf := Entropy(Helium, x=0, P=P7)

he_prime := h3 – eta_ad_e1 * (h3 – he)

h8_prime := h7 + (h8 – h7) / eta_c

AA := (h2 – h1) – Fraction_x * (h3 -he_prime)

h5 := AA / (1 – Fraction_x) + h8_prime

s5=Entropy(Helium,h=h5,P=P5)

x6 := (sg – s5) / (sg – sf )

hg := Enthalpy(Helium,x=1,P=P7)

hf := Enthalpy(Helium,x=0,P=P7)

h6 := hg – x6 * (hg – hf )

h6_prime := h5 – eta_ad_e2 * (h5 – h6)

Qa_by_m := (1 – Fraction_x) * (h7 – h6_prime)

Wc1_by_m := (T2 * (s1 – s2) – (h1 – h2)) / eta_co “…if main expander work is utilised 
to aid compression”

Wc2_by_m := (1 – Fraction_x) * (h8_prime – h7)

We1_by_m := Fraction_x * eta_m_e1 * (h3 – he_prime)

We2_by_m := eta_ad_e2 * (h5 – h6)

Wnet_by_m := Wc1_by_m + Wc2_by_m – We1_by_m
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COP := Qa_by_m / Wnet_by_m

COP_i:= T7 / (T2 – T7)

FOM:= COP / COP_i 

END

“===========================================================”

Now, solve the problem, using the above written EES Procedure:

P1 = 4.053E02 [kPa]

T1 = 270 [K]

P2 = 40.53E02 [kPa]

T2 = 300 [K]
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P3 = P2

T3 = 200[K]

Fraction_x = 0.30

P5 = P2

P7 = 101.3[kPa]

P8 = P1

eta_co = 0.7 “…effcy of main compressor”

eta_ad_e1 = 0.85 “…adiab. effcy of expander 1”

eta_m_e1 = 0.95 “…mech. effcy of expander 1”

eta_c = 0.8 “…adiab. effcy of low temp compressor”

eta_ad_e2 = 0.85 “…adiab. effcy of wet expander”

CALL Coldgas_refrig_He(P1, T1, P2, T2, T3, P7, Fraction_x, eta_co, eta_c, eta_ad_e1, 
eta_m_e1, eta_ad_e2: T7, Qa_by_m, Wc1_by_m, Wc2_by_m,We1_by_m, We2_by_m, 
Wnet_by_m, COP, COP_i, FOM)

Results:
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Also:

Thus:

COP = 0.002747 … Ans.

FOM = 0.1925 … Ans.

Also, Plot Refrig. effect, COP and FOM as P2 varies from 35 to 60 bar for expander 
flow rate ratios of 0.3, other factors remaining the same:

First, compute the Parametric Table:
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Now, plot the results:
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Prob.4.3.16 Determine the fraction of the ideal refrigeration effect (Δ Q/Q_ideal) that is 
lost in a Philips refrigerator having a regenerator which is 98% efficient. Hydrogen gas is 
the working substance (cp/cv = 1.4), and the volume ratio (v4/v3) is 1.85. The refrigerator 
operates between the temp limits of 300 K and 80 K. [1]
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EES Solution:

“Data:”

epsilon = 0.98

gamma = 1.4

T2 = 300 [K]

T3 = 80 [K]

v4_by_v3 = 1.85

“Then, we have:”

“Fraction = DELTA_Q / QA_ideal”

Fraction = ((1 – epsilon) / (gamma – 1)) * (T2 / T3 – 1) / ln(v4_by_v3)
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Results:

Thus: Fraction of refrigeration lost due to regenerator inefficiency = 0.2235 = 22.35% 
… Ans.
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Plot Fraction as epsilon varies from 0.91 to 1:

First, compute the Parametric Table:

Now, plot:

 

Prob. 4.3.17 Based on Schmidt’s theory for analysis of Stirling cycle (Alpha type), write an 
EES Program to plot the P-v diagram and also to calculate other performance parameters 
with air as the working fluid, under following conditions [19]: 
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Swept volume of an expansion piston: 0.628 cm3, swept volume of a compression piston: 
0.628 cm3, dead volume of the expansion space: 0.2cm3, dead volume of the compression 
space: 0.2cm3, regenerator volume: 0.2cm3, phase angle: 90deg, mean pressure: 101.3 kPa, 
expansion gas temperature: 400 deg C, compression gas temperature: 30 deg C, engine 
speed: 2000 rpm.

Alpha type Stirling engine:

In the program given below:

Inputs: x (crank angle, deg.), dx (phase angle = 90 deg.), TC (comprn. space gas temp, 
K), TE(expn. space gas temp, K), VSE (swept vol. of expn. piston or displacer, m^3), VSc 
(swept vol. of comprn. piston or power piston, m^3), VDE (dead vol of expn. space, m^3), 
VDC(dead vol of comprn. space, m^3), VR(regenerator volume, m^3), N (rpm), Rgas (gas 
constant, J/kg.K), Pmean (mean pressure, kPa).

Outputs: x (crank angle, deg.), P (engine pressure, kPa), V (total momental volume, m^3), 

VE(expn. space momental vol, m^3), VC (comprn. space momental vol, m^3), LE (indicated 
expn power, kW), LC (indicated comprn power, kW), Li (indicated power, kW), m (total 
mass of working gas, kg).
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EES Program:

“Data:”
V_SE=0.628E-06[m3]“… swept vol. of expn. space”

V_SC=0.628E-06[m3]“… swept vol. of comprn. space”

V_DE=0.2E-06[m3]“… dead vol. of expn. space”

V_DC=0.2E-06[m3]“…. dead vol. of comprn. space”

V_R=0.2E-06[m3]“… Regenerator Volume”

{x=0[deg]“deg, crank angle”}

dx=90[deg]“deg, phase angle”

P_mean=101.3[kPa]“kPa, mean pressure”
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T_E=400+273[K]“K, expn. space temp.”

T_C=30+273[K]“K, comprn. space temp.”

N=2000“RPM, Engine speed”

R=0.287[kJ/kg-K]“kJ/kg.K, … Gas const. for air”

“-----------------------------------------------------------”

t=T_C/T_E“temp. ratio”

vratio=V_SC/V_SE“swept vol. ratio”

T_R=(T_E+T_C)/2 [K]“K, Regen. temp.”

“Vol. ratios:”

X_DE=V_DE/V_SE“dead vol. ratio of expn. space”

X_DC=V_DC/V_SE“dead vol. ratio of comprn. space”

X_R=V_R/V_SE“dead vol. ratio of regen. space”

“coefficients:”

a=arctan((vratio*sin(dx))/(t+cos(dx)))

S=t+2*t*X_DE+(4*t*X_R)/(1+t)+vratio+2*X_DC

B=sqrt((t^2+2*t*vratio*cos(dx)+vratio^2))

c=B/S

“Instantaneous Engine Pressure:”

P=(P_mean*sqrt(1-c^2))/(1-c*cos(x-a)) “kPa”
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“Instantaneous volumes:”

V_E=(V_SE/2)*(1-cos(x))+V_DE “m3 …for expn. vol.”

V_C=(V_SC/2)*(1-cos(x-dx))+V_DC“m3…for comprn. vol.”

V=V_E+V_R+V_C“m3….total instantaneous vol.”

“mass flow:”

m=(P*V_SE)/(2*R*T_C)*(S-B*cos(x-a))“kg”

P_min=P_mean*sqrt((1-c)/(1+c))“kPa… min. pressure”

P_max=P_mean*sqrt((1+c)/(1-c))“kPa.. max. pressure”

“Indicated expn. work:”

W_E=(P_mean*V_SE*pi*c*sin(a))/(1+sqrt(1-c^2))“kJ”

“Indicated comprn. work:”

W_C=-(P_mean*V_SE*pi*c*t*sin(a))/(1+sqrt(1-c^2))“kJ”

“Indicated work per cycle”

W_i=W_E+W_C“[kJ/cycle]”

“Indicated expn. power:”

L_E=W_E*N/60“kW…heat to be supplied from heat source”

“Indicated comprn. power:”

L_C=W_C*N/60“kW…heat to be rejected in cooler”

“Indicated Power of the engine:”

L_i=W_i*N/60“kW….indicated power of engine”
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“Cycle effcy.:”

eta=W_i/W_e

“Carnot effcy.:”

eta_carnot=1-T_C/T_E

“========================================”
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Results:

Variation of various parameters as the crank angle x varies from 0 to 360 deg. Is shown 
below in the Parametric Table:
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Now, plot the results:
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Plot L_i, the net work (kW) as Speed, N varies from 1000 to 2000 RPM:

The Parametric Table:

Now, plot:
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Prob. 4.3.18 An ideal Vuilleumier refrigerator absorbs energy as heat from a high temp 
source at 600 K and rejects heat to a sink at 300 K. The refrigerator absorbs heat from 
the low temp region at 20 K. If the heat transfer rate at the hot end of the refrigerator is 
2 kW, determine the refrigeration rate at the cold end. [1]
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EES Solution:

“Data:”

Th = 600 [K]

Ta = 300 [K]

Tc = 20 [K]

Qh = 2 [kW]

COP = Qc / Qh “..finds Qc (kW)”

COP = (Tc / Th) * ((Th – Ta) / (Ta – Tc)) “…finds COP”

Results:

Thus:

COP = 0.03571 … Ans.

Qc = 0.07143 kW … Ans.
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Prob.4.3.19 A Solvay refrigerator uses neon as the working fluid, with the expander work 
utilized to aid in compression. Neon is compressed from 152 kPa to 1.013 MPa and 
294 K in a compressor having an overall isothermal effcy of 75%. The adiabatic effcy of 
the expander is 90% and the mechanical effcy of expander is 96%. At the beginning of 
the expansion process, the temp of neon gas is 85.6 K and the pressure is 1.013 MPa. The 
neon gas enters the regenerator at the cold end at 152 kPa and 85.6 K. Determine the 
COP of the refrigerator. [1]

EES Solution:

“Data:”

“Fluid = Neon”

P1 = 152 [kPa]

P2 = 1.013E03 [kPa]

T1 = 294 [K]

T2 = T1

P3 = P2
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P5 = P1

T3 = 85.6 [K]

T5 = T3

eta_co = 0.75 “…overall effcy of compressor”

eta_ad = 0.9 “… adiab. effcy of expander”

eta_e_m = 0.96 “… mech. effcy of expander”

“Then, we have:”

h1 = Enthalpy(Neon,T=T1,P=P1) “kJ/kg”

s1 = Entropy(Neon,T=T1,P=P1) “kJ/kg-K”

h2 = Enthalpy(Neon,T=T2,P=P2) “kJ/kg”
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s2 = Entropy(Neon,T=T2,P=P2) “kJ/kg-K”

h3 = Enthalpy(Neon,T=T3,P=P3) “kJ/kg”

s3 = Entropy(Neon,T=T3,P=P3) “kJ/kg-K”

s4 = s3 “… for isentropic expn.”

h4 = Enthalpy(Neon,P=P1,s=s4) “kJ/kg”

h5 = Enthalpy(Neon,T=T5,P=P5) “kJ/kg”

“Refrigeration effect:”

h4_prime = h3 – eta_ad * (h3 – h4)

Qa_by_m = h5 – h4_prime

“Net compressor work:”

Wnet_by_m = ((T2 * (s1 – s2) – (h1 – h2)) / eta_co) – eta_e_m * eta_ad * (h3 – h4)

COP = Qa_by_m / Wnet_by_m

“===========================================”

Results:
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Thus:

Refrig. effect = Qa_by_m = 43.2 kJ/kg … Ans.

Net compressor work = Wnet_by_m = 267.4 kJ/kg …. Ans.

COP = 0.1616 … Ans.

Plot Refrig. effect and COP as high pressure P2 varies from 5 to 20 bar:

First, compute the Parametric Table:
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Now, plot:
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Prob. 4.3.20 Write an EES Procedure to find the various parameters for a Gifford-McMahon 
(G-M) cycle refrigerator, using a given working gas.

A G-M refrigerator operates between the pressure limits of 1.013 bar and 10.13 bar using 
helium as working medium. The max. temp in the space to be cooled is 70 K and the temp 
of the gas leaving the compressor is 300 K. Assume that regenerator efficiency is 100%, 
compressor overall efficiency = 60%, adiabatic efficiency of expansion in expansion space = 
90%. Determine the refrigeration effect, the COP and the FOM for the system. [1] 

Also, plot: 

a) refrig. effect vs regen. effcy for T5 = 70, 100 and 120 K
b) the effect on COP and FOM by varying regen. effectiveness, for compressor 

efficiencies of 0.6, 0.8 and 1.
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EES Procedure:

PROCEDURE GM_cycle_refrig(Fluid$, P1, P2, T2, T5, eta_co, eta_ad, epsilon_regen: 
T1_prime, T3, T4_prime, v3,v4_prime, Qa_by_m, W_by_m, COP, COP_i, FOM)

“Gives various parameters for a GM cycle refrign. system for given working fluid”

“Inputs: 
Fluid$, Low and High pressures:P1, P2 (kPa), 
T2 = Temp at exit of after cooler of compressor (K),
T5 = refrign. termp. (K), 
eta_co = compressor overall effcy, 
eta_ad = adiab. effcy of expn. space, 
epsilon_regen = regenerator effcy.”

“Outputs: 
T1_prime = temp of gas exiting the refrigerator
T3 = temp of high pressure gas at the exit of regenerator in to the expansion space
T4_prime = temp of gas after expansion in the expansion space, taking in to account 
adiabatic effcy of expansion
v3 = sp. vol. at state 3; v4_prime = sp. vol. at state 4_prime

Download free eBooks at bookboon.com



CRYOGENIC ENGINEERING:  
SOFTWARE SOLUTIONS PART-III-B

78

CryogeniC refrigeration systems: Problems (ees)

78

Qa_by_m = refrig effect per kg gas compressed; W_by_m =work done per kg of gas compressed
COP = coeff of performance; COP_i = ideal COP for refrign at constant pressure
FOM = figure of merit for the cycle”

h2:= ENTHALPY(Fluid$, T=T2, P=P2)
s2 := ENTROPY(Fluid$, T=T2, P=P2)

h5:= ENTHALPY(Fluid$, T=T5, P=P1)

T3 := T5

h3:= ENTHALPY(Fluid$, T=T3, P=P2)

s3 := ENTROPY(Fluid$, T=T3, P=P2)

s4 := s3

h4:= ENTHALPY(Fluid$, s=s4, P=P1)
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T4 :=Temperature(Fluid$,P=P1,h=h4)

h4_prime := h4 + (1 – eta_ad) * (h3 – h4)

T4_prime :=Temperature(Fluid$,P=P1,h=h4_prime)

v3 := Volume(Fluid$,T=T3,P=P2)

v4_prime := Volume(Fluid$,T=T4_prime,P=P1)

DELTA_Q := (1 – epsilon_regen) * (h2 – h3)

Qa_by_m := (v3 / v4_prime) * (h5 – h4_prime) – DELTA_Q

h1_prime := h2 + Qa_by_m

T1_prime := Temperature(Fluid$,P=P1,h=h1_prime)

h1 := ENTHALPY(Fluid$, T=T2, P=P1)

s1 := ENTROPY(Fluid$, T=T2, P=P1)

W_by_m := (T2 * (s1 – s2) – (h1 – h2)) / eta_co

COP := Qa_by_m / W_by_m

COP_i := (T5 – T4_prime) / (T2 * ln(T5 / T4_prime) – (T5 – T4_prime))

FOM := COP / COP_i

END

“===========================================================”

Now, solve the problem:

P1 = 101.3 [kPa]

P2 = 1013 [kPa]
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T2 = 300 [K]

T5 = 70 [K]

eta_co = 0.6

eta_ad = 0.9

epsilon_regen = 1

Fluid$ = ‘Helium’

CALL GM_cycle_refrig(Fluid$, P1, P2, T2, T5, eta_co, eta_ad, epsilon_regen : T1_prime, 
T3, T4_prime, v3,v4_prime, Qa_by_m, W_by_m, COP, COP_i, FOM)

Results:

Thus:

Refrig. effect = Qa_by_m = 43.7 kJ/kg … Ans.

COP = 0.01824 … Ans.

FOM = 0.09429 … Ans.

Also, plot: 

a) refrig. effect vs regen. effcy for T5 = 70, 100 and 120 K
b) the effect on COP and FOM by varying regen. effectiveness, for compressor 

efficiencies of 0.6, 0.8 and 1:
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a) refrig. effect vs regen. effcy for T5 = 70, 100 and 120 K:

Parametric Table:
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Plot:

b) the effect on COP and FOM by varying regen. effectiveness, for compressor 
efficiencies of 0.6, 0.8 and 1:

Parametric Table:
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Plot:
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Prob. 4.3.21 Write a EES Procedure to determine the effectiveness of a practical regenerator 
of a GM cycle refrigerator, consisting of copper wire screen matrix housed in a perspex 
displacer, when a given fluid is working gas.

Frst, we need the porosity of the regenerator.

This is calculated knowing the physical dimensions of the regenerator and the mass of 
copper screens.

i.e.
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Now, write the EES Procedure:

PROCEDURE Regen_GM(Fluid$, PH, PL, TH, TL, N, d_i, d_0, l_cyl, d_disp, l_disp, 
LR, DR, dw, p : Q_ideal, m_fluid, A_ht, Re, h, NTU, I, f, DELTAP, Qloss_reg) 

“Gives various parameters for a regenerator of GM cycle refrign. system for given working 
fluid”

“Inputs: 
Fluid$, Low and High pressures:PH, PL (kPa), TH = High Temp (K), , TL = Low termp. 
(K), d_i = cylinder ID, d_0 = cyl. OD, l_cyl = cyl. length, d_disp = dia of displacer, l_disp 
= length of displacer, LR = length of regen, DR = dia of regen., dw = wire dia, (m), p = 
porosity, as defined.”

“Outputs: 
Q_ideal = ideal refrign., m_fluid = mass flow rate of fluid (kg/s), A_ht = heat transfer area 
of mesh (m^2), Re = Reynolds No., h = heat transfer coeff.(kW/m^2.K), NTU = No. 
of Transfer Units, I = regen. ineffcy., f = friction factor., DELTAP = pressure drop (Pa), 
Qloss_reg = regen. heat loss (kW)” 

MW := MolarMass(Fluid$) “…Mol. wt. of fluid”

R_u := 8.314 “kJ/kg-K … universal gas const.”

R_fluid := R_u / MW “kJ/kg-K … Particular gas const.”

cp_fluid :=Cp(Fluid$,T=TH,P=PH)“kJ/kg-K”

cv_fluid :=Cv(Fluid$,T=TH,P=PH)“kJ/kg-K”

gamma := cp_fluid / cv_fluid “… ratio of sp. heats”

rho_cu := 8874 “kg/m^3 … density of copper”

T_m = (TH + TL) / 2 “mean temp., K”

mu_fluid := Viscosity(Fluid$,T=T_m,P=PL) “… viscosity of fluid, kg/m.s”

A_ht := (4 * (1 – p) / dw) * pi * DR^2 * LR / 4 “… heat transfer area”
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d_eq := 4 * LR * p * pi * DR^2 / (4 * A_ht) “m … Equiv. dia”

V_stroke := (pi * d_i^2 / 4) * (l_cyl – l_disp) “… stroke vol.”

m_fluid :=((PH * V_stroke) / (R_fluid * TL)) * (N / 60) “kg/s …. Fluid flow rate “

G := m_fluid / (p * pi * DR^2 / 4)

Re := G * d_eq / mu_fluid“…Reynolds No.”

Pr := Prandtl(Fluid$,T=T_m,P=PL) “…Prandtl No.”

St := 0.68 * (Re^(-0.407)) * Pr^(-2/3)“… Stanton No.”

cp := Cp(Fluid$,T=T_m,P=PL)“kJ/kg-K”

h := St * G * cp “…heat transfer coeff.”

NTU := h * A_ht / (2 * cp * m_fluid)

m_s := (pi * DR^2 / 4) * LR * (1 – p) * rho_cu “….mass of solid, i.e. copper”

tau := (1 / (N / 60)) * (1/2) “s… duration of each blow (hot or cold)”

CR := m_s * c_(‘Copper’, T_m) / (cp * m_fluid * tau) “….capacity rate ratio”

DELTAT := m_fluid * (TH – TL) * tau * cp / (m_s * c_(‘Copper’, T_m)) “…. matrix 
temp swing”

I := 1 / (1 + NTU) “…. Regen. Inefficiency”

Qloss_reg := I * m_fluid * (TH – TL) * cp / 2 “Rgen. Heat loss… factor 2 in the denominator, 
since loss occurs only during the pressurising period”

f := (860 * (1 – p) / Re) + (2.2 * p / Re^0.1) “… friction factor”

rho_fluid := Density(Fluid$,T=T_m,P=PH) “… density of fluid”

Q_ideal := (PH – PL) * V_stroke * N / 60 “kW …. Ideal refrign. produced”
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DELTAP := (f * LR / d_eq) * (G^2 / (2* rho_fluid)) “….pressure drop”

END

“===========================================================”

Prob. 4.3.22 In a practical GM cycle refrigerator using Helium, following are the data. 
Apply the EES Procedure written above and determine the various parameters of interest.

Data:

PH = 900 kPa; PL = 101.3 kPa; N = 130 RPM; TH = 310 K; TL = 80 K;

d_i = 0.0486 m; d_0 = 0.05 m; l_cyl = 0.24 m; d_disp = 0.0473 m; l_disp = 0.22 m;

LR = 0.101 m; DR = 0.042 m; dw = 8E-05 m; p = 0.749 …porosity.

Fluid$ = ‘Helium’
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EES Solution:

Applying the EES Procedure written above:

CALL Regen_GM(Fluid$, PH, PL, TH, TL, N, d_i, d_0, l_cyl, d_disp, l_disp, LR, DR, 
dw, p : Q_ideal, m_fluid, A_ht, Re, h, NTU, I, f, DELTAP, Qloss_reg)

Results:

Thus:

Ideal refrign. = Q_ideal = 0.0642 kW = 64.2 W … Ans.

Overall heat transfer coeff. in regenerator = h = 0.8936 kW/m^2.K = 893.6 W/m^2.K 
… Ans.

Regen. ineffcy = I = 0.002873 = 0.2873% …. Ans.

Regen. heat loss = Qloss_reg = 0.0007471 kW = 0.7471 W … Ans.
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Other details of calculations:

Effect of changing PH:

Parametric Table:

Download free eBooks at bookboon.com



CRYOGENIC ENGINEERING:  
SOFTWARE SOLUTIONS PART-III-B

90

CryogeniC refrigeration systems: Problems (ees)

90

Plots:
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Plot Regen. Ineffcy I vs PH for Speeds N = 130, 100 and 75 RPM:

Parametric Table:
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Plot:
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Prob. 4.3.23: Write a EES Function to find out the effectiveness of a regenerator by Λ-π 

method.

We shall use the built-in 2D Interpolation Function INTERPOLATE2DM in EES.

First, copy the Table of Effcy values for the regenerator for different values of Λ and Π, 
given in Barron, in to a Lookout Table in EES, and name that Table as: ‘Regen-Lambda_PI’. 
See below:

Now, write the Function to get Effcy of regenerator when PI and LAMBDA are given, 
using the built-in INTERPOLATE2DM function in EES:

FUNCTION RegenEffcyLambdaPAI(PAI, LAMBDA)

 IF ((PAI < 0) OR (PAI > 50)) THEN

 CALL ERROR (‘PAI should be between 0 and 50!’)

 ENDIF

 IF ((LAMBDA < 0) OR (LAMBDA> 200)) THEN

 CALL ERROR (‘LAMBDA should be between 0 and 200!’)

 ENDIF

RegenEffcyLambdaPAI = INTERPOLATE2DM(‘Regen-Lambda_PI’, PAI, LAMBDA)

END

“=================================================================”
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Prob. 4.3.24: A regenerator is constructed of a matrix material with sp. heat = 1 kJ/kg.K, 
and a mass of 5.5 kg. The fluid flowing through the regenerator is a gas with sp. heat of 
1.005 kJ/kg.K and a mass flow rate of 32 g/s for both heating and cooling periods. The heat 
transfer coeff for both the cooling and heating periods is 402 W/m^2.K and the surface area 
is 2.00 m^2. The heating and cooling periods are 2.5 minutes, each. Find the effectiveness 
of regenerator using the Lambda-PI method. [1]

EES Solution:

“Data:”

ms = 5.5 [kg] “…mass of solid”

cs = 1 [kJ/kg-K] “…. sp. heat of solid”

cpgas = 1.005 [kJ/kg-K] “… sp. heat of gas”

mdot = 0.032 [kg/s] “…mass flow rate of helium gas”

P = 2.5 * 60 “s…heating and cooling periods”

hc = 0.402[kW/m^2-K] “…heat transfer coeff.”

As = 2.00 [m^2] “..surface area”

“Calculations:”

LAMBDA = hc * As / (mdot * cpgas) “…dimensionless length”

PAI = hc * As * P / (ms * cs) “…dimensionless period”

“Now, calculate the effcy by calling the Function:”

epsilon = RegenEffcyLambdaPAI(PAI, LAMBDA)
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Results:

Thus:

PAI = 21.93

LAMBDA = 25.0

Effcy = 0.854 = 85.4% … Ans.
 

Prob.4.3.25 Write a EES Function to calculate the effectiveness of a regenerator by NTU-ε 

method, when CR = (Cmin/Cmax) = 1 (i.e. balanced regenerator).
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We have:

P0 = Ph + Pc

f = 1/ P0

ε = Q_dot /[Cmin. (Th1 – Tc1)]

When CR = 1:

Effcy values are given in Table 5.2 of Ref.[1] for a balanced regenerator (i.e. CR = 1), 
as a function of Cm and NTU_0.

When CR is not equal to 1:

First, find the ‘effective values’ of NTU and Cm:

Using these effective values, find the effectiveness (ε1) for a ‘balanced’ regenerator from 
Table.

Then, determine following parameter ‘X’:

Finally, regenerator effectiveness is calculated as:
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Now, copy the Table 5.2 in Ref.[1], in to a EES Lookout Table, with the Title: 
‘BalancedRegen_Effcy_NTU’ as shown below:

Note: The last column gives Effcy values for Cm = Infinity (taken as 10^6 here).

Now, write the desired Function to find effectiveness for any given NTU_0 and Cm, 
by 2D-linear interpolation, using the EES built-in function: INTERPLOATE2DM:

FUNCTION EffcyBalancedRegan_NTUmethod(Cm, NTU_0)

 IF ((Cm < 0.8) OR (Cm > 1000000)) THEN

 CALL ERROR (‘Cm should be between 0.8 and 10^6!’)

 ENDIF
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 IF ((NTU_0 < 0) OR (NTU_0> 500)) THEN

 CALL ERROR (‘NTU_0 should be between 0 and 500!’)

 ENDIF

EffcyBalancedRegan_NTUmethod = INTERPOLATE2DM(‘BalancedRegen_Effcy_NTU’, 
Cm, NTU_0)

END

“=================================================================”

Prob.4.3.26 Using the NTU-effectiveness method, determine the effectiveness for a valved 
type regenerator having a matrix material with a sp. heat of 0.48 kJ/kg.K and a total mass 
of 2688 kg. The mass flow rate of gas during the heating period is 2 kg/s and the mass flow 
rate during the cooling period is 1.8 kg/s. The sp. heat of gas for both the periods is 1.006 
kJ/kg.K. The total period for the regenerator is 9 min. The convective heat transfer coeff for 
the heating period is 416 W/m^2.K and that for the cooling period is 388 W/m^2.K. The 
surface area for the heating and cooling periods is equal to 108 m^2 for each period. [1].
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EES Solution:

“Data:”

ms = 2688[kg]

cs = 0.48 [kJ/kg-K]

mdot_h = 2 [kg/s]

mdot_c = 1.8 [kg/s]

cph = 1.006 [kJ/kg-K]

cpc = 1.006 [kJ/kg-K]

P0 = 540 [s]

hh = 0.416 [kW/m^2-K]

hc = 0.388 [kW/m^2-K]

Ah = 108 [m^2]

Ac = 108 [m^2]

“Calculations:”

“Capacity rates:”

C_c = mdot_c * cpc

C_h = mdot_h * cph

“Since C_c < C_h, we have:”

C_min = C_c

C_max = C_h
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“Therefore: Capacity rate ratio”

C_R = C_min / C_max

“Since C_R = 0.9, i.e. not equal to 1, it is an ‘Unbalanced Regenerator.”

“Then:”

NTU_0 = (1 / C_min) * (1/(hh * Ah) + 1 / (hc * Ac))^(-1)

Cm = (ms * cs) / (P0 * C_min) “.. matrix capacity ratio”

“Calculate ‘effective NTU’ and ‘effective Cm’:”

NTU_e = (2 * NTU_0 * C_R) / (1 + C_R) “….effective NTU”

Cm_e = (2 * Cm * C_R) / (1 + C_R) “… effective Cm”

“For these effective values, find regen. effectiveness from the EES Function written above:”

epsilon_1 = EffcyBalancedRegan_NTUmethod(Cm_e, NTU_e)

“Now, find parameter X:”

X = ((1 + C_R) / (2 * C_R)) * (epsilon_1 / (1 – epsilon_1)) * (1 – C_R)

“Therefore: Regen. effectiveness:”

epsilon = (1 – exp(-X)) / (1 – C_R * exp(-X))

“==========================================================”
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Results:

Thus:

Regen. effectiveness = epsilon = 0.8996 … Ans.
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Prob.4.3.27 A regenerator matrix is made of stacked wire screens having an equivalent 
dia of 0.4 mm. The free flow area through the screens is 0.003 m^2. Porosity of matrix 
is 0.675. The mean temp of air flowing through the regenerator is 200 K, and the gas 
properties are: μ = 13.3 μ Pa.s, cp = 1.006 kJ/kg.K and Pr = 0.739. The mass flow rate of 
air through the regenerator = 50 g/s. Determine the convective heat transfer coeff between 
the air and matrix material. [1].

Also, plot the convective heat transfer coeff as the mass flow rate varies from 30 g/s to 100 g/s

EES Solution:

“Data:”

d_e = 0.0004 [m] “..equiv. dia”

A_ff = 0.003 [m^2] “… free flow area”

e_v = 0.675 “…porosity”

T_m = 200 [K]

{mdot = 0.05 [kg/s]}

“Gas props at T_m = 200 K:”

mu = 13.3E-06 [Pa-s]

cp = 1.006 [kJ/kg-K]

Pr = 0.739
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“Calculations:”

G = mdot / A_ff “…kg/m^2-s… mass velocity”

Re = G * d_e / mu “… Reynolds No.”

“Colburn j factor:”

n = 0.37 + (0.0136 * e_v) / (1 – e_v)

jH = (0.2 * Re^(-n)) / (1 – e_v)

“But, jH = (hc / (cp * G)) / * Pr^(2/3) “

“Therefore: heat transfer coeff, hc:”

hc = (jH * cp * G) / Pr^(2/3)

Results:
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Thus:

Convective heat transfer coeff. = hc = 1.061 kW/m^2-K … Ans.

Also, plot the convective heat transfer coeff as the mass flow rate varies from 30 g/s 
to 100 g/s:

First, compute the Parametric Table:
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Now, plot:

Prob.4.3.28 Nitrogen gas at an average temp of 200 K and an average pressure of 506.6 
kPa flows through a regenerator matrix made of 3 mm dia random stacked spheres at a 
mass flow rate of 20 g/s. Porosity of matrix is 0.4 and the matrix is contained in a tube 
having an inside dia of 80 mm and a length of 750 mm. The properties of nitrogen gas 
are: μ = 12.95 μ Pa.s, ρ = 8.56 kg/m^3. Determine the pressure drop of nitrogen flowing 
through the regenerator. [1].

Also, plot ΔP vs mdot as mdot varies from 20 g/s to 70 g/s.

For random stacked spheres, we have, for Colburn j-factor and friction factor [1]:
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EES Solution:

“Data:”

D_s = 0.003 [m] “…dia of spheres”

mdot = 0.02 [kg/s] “…mass flow rate of N2 gas”

e_v = 0.4 “ … porosity”

d_i = 0.08 [m] “…inside dia of tube”

L = 0.75 [m] “…length of tube”

“Gas properties:”

mu = 12.95E-06 [Pa-s] “…dyn. viscosity of gas”

rho = 8.56 [kg/m^3] “… density of gas”

“Calculations:”

V_0 = (pi * d_i^2/4) * L “m^3 …. tube volume”

A_ff = e_v * V_0 / L “m^2 .. frree flow area”

G = mdot / A_ff “…kg/m^2-s … mass velocity”

Re = G * D_s / mu “ .. Reynolds No.”

f = ((1 – e_v) / e_v) * (((570 * (1 – e_v)^2) / (e_v * Re)) + 3.5) “….friction factor”

“Pressure drop:”

DELTAP = (f * L / D_s) * (G^2 /(2 * rho)) “Pa”
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Results:

Thus:

Reynolds No., Re = 2304 … Ans.

Friction factor, f = 5.584 … Ans.

Pressure drop, ΔP = 8068 Pa … Ans.
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Also, plot ΔP vs mdot as mdot varies from 20 g/s to 70 g/s:

First, compute the Parametric Table:

Now, plot:

 

Prob.4.3.29 Write a EES Procedure for Brillouin function and entropy as a function of 
Brillouin constant ξ and atomic constant J. Tabulate the results and draw the graphs.

Solution:
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where

EES Procedure:

PROCEDURE Brillouin_Function_entropy(Xi, J: B, sbyR)

“Gives Brillouin Function, B and s/R for a paramagnetic material”

“Inputs: Brillouin dimensionless parameter, Xi, Atomic constant, J”

“Outputs: Brillouin function, B, and sbyR where s = entropy, R = gas const.”

B:= (2 * J + 1) * (1 / tanh((2*J + 1) * Xi)) – 1/ tanh(Xi)

sbyR = ln(Sinh((2*J + 1) * Xi) / Sinh(Xi)) – Xi * B

END

“===========================================================”

Program:

Xi = 0.3

J = 1/2

CALL Brillouin_Function_entropy(Xi, J: B, sbyR)

“===========================================================”

Results:
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To plot the graphs:

The Parametric Table:
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Now, plot the graphs:

 

Prob.4.3.30 Write a EES Procedure to get properties of given paramagnetic material:

PROCEDURE Props_Paramag(Material: MaterialName$, Lande_g, J, M, R, C)

“Gives properties of a paramagnetic material”

“Outputs: 
Materal Name,
Lande splitting factor, g,
Ionic const. J, 
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Ionic wt., M (kg/mol), 
Gas const. R, (J/kg.K) and 
Curie const., C (K-m3/kg)”

“Write the properties in a (9 × 6) Matrix: “

“Material No., g J M R C”

Props[1,1..6] = [1, 1.7,1.00, 0.678, 12.263, 2.51E-05]

Props[2,1..6] = [2, 1.84, 0.50, 0.765, 10.868, 5.22E-06]

Props[3,1..6] = [3, 2, 1.50, 0.492, 16.899, 3.05E-05]

Props[4,1..6] = [4, 1.97, 1.50, 0.499, 16.662, 4.58E-05]

Props[5,1..6] = [5, 2.14, 0.50, 0.442, 18.811, 1.221E-05]

Props[6,1..6] = [6, 1.992, 3.50, 0.373, 22.29, 2.633E-04]

Props[7,1..6] = [7, 2, 2.50, 0.482, 17.25, 1.141E-04]

Props[8,1..6] = [8, 2.06, 2.50, 0.391, 21.264, 1.492E-04]

Props[9,1..6] = [9, 1.89, 0.50, 0.589, 14.116, 4.21E-06]

IF (Material = 1) THEN MaterialName$ = ‘Cerium_ethyl_sulfate’

IF (Material = 2) THEN MaterialName$ = ‘Cerium magnesium nitrate’

IF (Material = 3) THEN MaterialName$ = ‘Chromium methylammonium alum’

IF (Material = 4) THEN MaterialName$ = ‘Chromium potassium alum’

IF (Material = 5) THEN MaterialName$ = ‘Copper potassium sulfate’

IF (Material = 6) THEN MaterialName$ = ‘Gadolinum sulfate’
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IF (Material = 7) THEN MaterialName$ = ‘Iron ammonium alum’

IF (Material = 8) THEN MaterialName$ = ‘Manganese ammonium sulfate’

IF (Material = 9) THEN MaterialName$ = ‘Titanium cesium alum’

 Lande_g := Props[Material,2] 

 J := Props[Material,3]

 M := Props[Material,4]

 R := Props[Material,5]

 C := Props[Material,6]

END

“==============================”
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“Example:”

Material = 3

CALL Props_Paramag(Material: MaterialName$, Lande_g, J, M, R, C)

Results:

Prob.4.3.31 Determine the magnetic moment per unit mass and entropy for gadolinium 
sulfate at 0.1 K in a magnetic field of 60 kA/m (75.4 mT) assuming that Brillouin expression 
is valid at this condition.[1]

Solution:

We have, for Magnetic moment:

I = (1/2).n.g. µB.B(ξ)

Props of Gadolinium sulfate:

Using the EES Procedure written above:

Material = 6 … for Gadolinium sulfate

We have:

Material = 6

CALL Props_Paramag(Material: MaterialName$, Lande_g, J, M, R, C)

We get:
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“Therefore, we have:”

 M = 0.373 [kg/mol] “…Ionic weight,”

Lande_g = 1.992 “….Lande splitting factor”

 J = 7/2

“Also:”

H = 60 * 10^3 [A/m]

N_0 = 6.023 * 10^23 “per mol … Avogadro’s No.”

mu_B = 0.9273 * 10^(-23) “[A-m^2] … Bohr magneton”

mu_0 = 4 * pi * 10^(-7) “[J/A-m^2] …permeability of free space”

k = 1.3805 * 10^(-23) [J/K] “…Boltzmann constant”

n = N_0 / M “…no. of ions per unit mass”

T = 0.1 [K] “Temp (K)”

“Now, we have, Brillouin parameter:”

Xi = Lande_g * mu_B * mu_0 * H / (2 * k * T)

“Therefore: Brillouin function:”

CALL Brillouin_Function_entropy(Xi, J: B, sbyR)

We get:
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“i.e. We get:

Brillouin_Function, B = 5.8572”

“And, Magnetic moment, I:”

B = 5.8572

I = (1/2) * n * Lande_g * mu_B * B

We get:

Download free eBooks at bookboon.com Click on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read moreClick on the ad to read more

www.mastersopenday.nl

Visit us and find out why we are the best!
Master’s Open Day: 22 February 2014

Join the best at
the Maastricht University
School of Business and
Economics!

Top master’s programmes
•	 	33rd	place	Financial	Times	worldwide	ranking:	MSc	
International	Business

•	 1st	place:	MSc	International	Business
•	 1st	place:	MSc	Financial	Economics
•	 2nd	place:	MSc	Management	of	Learning
•	 2nd	place:	MSc	Economics
•	 	2nd	place:	MSc	Econometrics	and	Operations	Research
•	 	2nd	place:	MSc	Global	Supply	Chain	Management	and	
Change

Sources: Keuzegids Master ranking 2013; Elsevier ‘Beste Studies’ ranking 2012; 
Financial Times Global Masters in Management ranking 2012

Maastricht
University is

the best specialist
university in the

Netherlands
(Elsevier)

http://www.mastersopenday.nl


CRYOGENIC ENGINEERING:  
SOFTWARE SOLUTIONS PART-III-B

118

CryogeniC refrigeration systems: Problems (ees)

i.e. 

Magnetic moment, I = 87.3522 A-m^2/kg … Ans.
 

“To find entropy:”

“We have:”

R = 22.29 [J/kg-K]

sbyR = 1.03

“Therefore, entropy:”

s = R * sbyR

We get:

i.e. Entropy = s = 22.96 J/kg-K … Ans.
 

Prob.4.3.32 Determine the magnetic moment per unit mass and entropy for cerium 
magnesium nitrate at 0.1 K in a magnetic field of 189 kA/m (0.2375 T) assuming that 
Brillouin expression is valid at this condition. What would be the value of magnetic moment 
per unit mass according to the Curie law?[1]

Solution:
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And for CMN, we have:

Using the EES Procedure written above:

Material = 2 … for Cerium magnesium nitrate

We get:

Material = 2

CALL Props_Paramag(Material: MaterialName$, Lande_g, J, M, R, C)

“Therefore, we have:”

M = 0.765 [kg/mol] “…Ionic weight,”

Lande_g = 1.84 “….Lande splitting factor”

 J = 1/2

“Also:”

H = 189 * 10^3 [A/m]

N_0 = 6.023 * 10^23 “per mol …. Avogadro’s No.”

mu_B = 0.9273 * 10^(-23) “[A-m^2] .. Bohr magneton”

mu_0 = 4 * pi * 10^(-7) “[J/A-m^2] …permeability of free space”

k = 1.3805 * 10^(-23) [J/K] “…Boltzmann constant”
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n = N_0 / M “…no. of ions per unit mass”

T = 0.1 [K] “Temp (K)”

“Now, we have, Brillouin parameter:”

Xi = Lande_g * mu_B * mu_0 * H / (2 * k * T)

“Therefore: Brillouin function:”

CALL Brillouin_Function_entropy(Xi, J: B, sbyR)
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We get:

“i.e. We get:

Brillouin_Function, B = 0.8991”

“And, Magnetic moment, I:”

B = 0.8991

I = (1/2) * n * Lande_g * mu_B * B

“To find entropy:”

“We have:”

R = 10.868 [J/kg-K]

sbyR = 0.1998

“Therefore, entropy:”

s = R * sbyR
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Results:

Thus:

Magnetic moment per unit mass = I = 6.039 A-m^2/kg … Ans.

Entropy = s = 2.171 J/kg-K … Ans.
 

“If the Curie Law is valid:”

“We have, Curie const. for CMN:”

C = 5.22 * 10^(-6) [k-m^3/kg]

“Then, Magnetic momet, I:”

I_curie = C * H / T

We get:
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i.e. Magnetic moment, when Curie Law is valid:

I_curie = 9.866 A-m^2/kg … Ans.
 

Prob.4.3.33 Magnetic field intensity around a cerium magnesium nitrate (CMN) pellet is 
decreased reversibly and adiabatically from 320 kA/m (0.402 T) to 32 kA/m (40.2 mT). 
If the initial temp is 2 K, determine the final temp. [1]
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EES Solution:

“We have, for CMN:”

 M = 0.765 [kg/mol] “…Ionic weight,”

Lande_g = 1.84 “….Lande splitting factor”

 J = 1/2

“Also:”

H1 = 320 * 10^3 [A/m]

H2 = 32 * 10^3[A/m]

N_0 = 6.023 * 10^23 “per mol … Avogadro’s No.”

mu_B = 0.9273 * 10^(-23) “[A-m^2] … Bohr magneton”

mu_0 = 4 * pi * 10^(-7) “[J/A-m^2] … permeability of free space”

k = 1.3805 * 10^(-23) [J/K] “…Boltzmann constant”

n = N_0 / M “…no. of ions per unit mass”
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T1 = 2 [K] “Temp (K)”

“Now, we have, Brillouin parameter:”

Xi = Lande_g * mu_B * mu_0 * H1 / (2 * k * T1)

“Now, we have, Brillouin parameter, and entropy:”

Xi = Lande_g * mu_B * mu_0 * H1 / (2 * k * T1)

“Therefore: Brillouin function:”

CALL Brillouin_Function_entropy(Xi, J: B, sbyR)

We get:

“i.e. We have:

Brillouin_Function, B = 0.1236”

“And, Entropy:”

“We have:”

R = 10.868 [J/kg-K]

sbyR = 0.6855

“Therefore, entropy before demagnetization:”

s1 = R * sbyR
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“Let T2 be the temp at the end of adiabatic demagnetization. And, s2 = s1.”

Xi_2 = Lande_g * mu_B * mu_0 * H2 / (2 * k * T2) “..Brillouin dimensionless parameter 
for the case after demagnetization:”

“Then, we get, using the EES Procedure for Brillouin Function and Entropy:”

CALL Brillouin_Function_entropy(Xi_2, J: B, sbyR)

We get:
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Thus:

Temp. before demagnetization, T1 = 2 K

Temp. after demagnetization, T2 = 0.02002 K … Ans.

Entropy = s1 = s2 = 7.45 J/kg.K … Ans.
 

Prob.4.3.34 Magnetic field intensity around an iron ammonium alum pellet is decreased 
reversibly and adiabatically from 500 kA/m (0.628 T) to zero (external field). If the “internal 
field” for iron ammonium alum is 35 kA/m (44 mT), and the initial temp of the pellet is 
1.5 K, determine the final temp. of the pellet. [1]

EES Solution:

“Props of Iron ammonium alum:

Material = 7 … for Iron ammonium alum

Using the EES Procedure written above, we have:”

Material = 7

CALL Props_Paramag(Material: MaterialName$, Lande_g, J, M, R, C)
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We get:

“i.e. we get:”

J = 5/2

Lande_g = 2

R = 17.25 [J/kg-K]

M = 0.482 [kg/mol]

T1 = 1.5 [K]

H1 = 500 * 10^3 [A/m]

H2 = 0 [A/m]

H_int = 35 * 10^3 [A/m] “…Internal magnetic field”

“Also:”

N_0 = 6.023 * 10^23 “ per mol … Avogadro’s No.”

mu_B = 0.9273 * 10^(-23) “[A-m^2] … Bohr magneton”

mu_0 = 4 * pi * 10^(-7) “[J/A-m^2] …permeability of free space “

k = 1.3805 * 10^(-23) [J/K] “…Boltzmann constant”

n = N_0 / M “…no. of ions per unit mass”
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“Clculations:”

“Effective magn. fields:”

H1_eff = (H1^2 + H_int^2)^(1/2) “A/m”

H2_eff = (H2^2 + H_int^2)^(1/2) “A/m”

“Then:”

Xi_1 = Lande_g * mu_B * mu_0 * H1_eff / (2 * k * T1)

“Then, find sbyR:”

CALL Brillouin_Function_entropy(Xi_1, J: B, sbyR)

“Then, Entropy:”

s1 = R * sbyR
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We get:

Note that initial entropy, before demagnetization, s1 = 24.71 J/kg-K.

After demagentizaton:

“Let T2 be the temp at the end of adiabatic demagnetization. And, s2 = s1. i.e. sbyR 
remains the same.”

“We get:”

sbyR = 1.432

CALL Brillouin_Function_entropy(Xi_2, J: B, sbyR) “… finds Xi_2”

Xi_2 = Lande_g * mu_B * mu_0 * H2_eff / (2 * k * T2) “… finds T2”

Results:
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Thus:

Final temp after demagnetization = T2 = 0.1047 K … Ans.
 

Prob.4.3.35 A magnetic refrigerator operates between 0 kA/m and 231.3 kA/m (0.291 T) 
during the reversible isothermal heat addition process. Heat is added to the salt from the 
low temp region at 0.22 K and heat is rejected to a helium bath at 2.5 K. The mass of the 
working salt is 25 g. and the refrigerator operates at 30 cycles per hour. Determine the heat 
transfer rate from the low temp source to the refrigerator, assuming the Brillouin expression 
is valid. The working salt is Chromium potassium alum. [1]

EES Solution:

“Props of Chromium potassium alum:”

“Use the EES Procedure written earlier:”

Material = 4

CALL Props_Paramag(Material: MaterialName$, Lande_g, J, M, R, C)
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We get:

“Further:”

m = 0.025 [kg] “.. mass of pellet”

N_0 = 6.023 * 10^23 “per mol …. Avogadro’s No.”

mu_B = 0.9273 * 10^(-23) “[A-m^2] … Bohr magneton”

mu_0 = 4 * pi * 10^(-7) “[J/A-m^2] …permeability of free space”

k = 1.3805 * 10^(-23) [J/K] “…Boltzmann constant”
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n = N_0 / M “…no. of ions per unit mass”

T4 = 0.22[K]

H2 = 231.3 * 10^3 [A/m]

H4 = 0 [A/m]

T2 = 2.5 [K]

Lande_g = 1.97

J = 3/2

R = 16.662 [J/kg-K]

“Therefore:”

Xi_2 = Lande_g * mu_B * mu_0 * H2 / (2 * k * T2)

“And, get s2byR using the EES Procedure for Brillouin Function:”

CALL Brillouin_Function_entropy(Xi_2, J: B, s2byR)

“Therefore:”

s2 = R * s2byR “J/kg-K”

“Now, s3 = s2 for isentropic process 2-3:”

“i.e.”

s3 = s2 “….for isentropic process 2-3”

“At zero magnetic field, we have entropy:”

s4 = R * ln(2*J + 1)

“Therefore, heat transfer to refrigerator, Qpercycle:”
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Qpercycle = m * T4 * (s4 – s3) “J / cycle”

“And, heat transfer rate, Q for 30 cycles/h:”

Q = Qpercycle * (30 / 3600) “W”

Results:

Thus:

Heat transfer rate from low temp. source = Q = 0.00001118 W …. Ans.
 

“Prob.4.3.36 A magnetic refrigerator uses chromium methyl ammonium alum as the working 
salt. Heat addition per unit mass from low temp source at 0.08 K to the working salt is 
1.258 J/kg. The magnetic field intensity at the end of isothermal heat addition process is 
0 A/m. Determine the magnetic field intensity at the beginning of the isothermal heat 
addition process. [1]”
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“Solution:”

“Props of Chromium methyl ammonium alum:”

“Use the EES Procedure written earlier:”
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Material = 3

CALL Props_Paramag(Material: MaterialName$, Lande_g, J, M, R, C)

We get:

“Further:”

M = 0.492 [kg/mol]

N_0 = 6.023 * 10^23 “per mol …. Avogadro’s No.”

mu_B = 0.9273 * 10^(-23) “[A-m^2] … Bohr magneton”

mu_0 = 4 * pi * 10^(-7) “[J/A-m^2] …permeability of free space”

k = 1.3805 * 10^(-23) [J/K] “…Boltzmann constant”

n = N_0 / M “…no. of ions per unit mass”

T4 = 0.08[K]

H4 = 0 [A/m]

T3 = T4

Lande_g = 2

J = 3/2

R = 16.899 [J/kg-K]

Qpercycle = 1.258 [J/kg]
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“Now, at zero magn. field, we have for entropy, s4:”

s4 = R * ln(2*J + 1) “..J/kg-K…. finds s4”

“And, Qpercycle:”

Qpercycle = T4 * (s4 – s3) “J / kg …. finds s3”

“To find H3, the mahnetic field at point 3:”

Xi_3 = Lande_g * mu_B * mu_0 * H3 / (2 * k * T3) “ ….finds H3”

“And, get s3byR using the EES Procedure for Brillouin Function:”

CALL Brillouin_Function_entropy(Xi_3, J: B, s3byR)

“And:”

s3 = R * s3byR “J/kg-K”

“=============================================”

Results:

Thus:

Magnetic field intensity at the beginning of the isoth. heat addition process: 

H3 = 94730 A/m … Ans.
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Prob.4.3.37 Nuclear paramagnetic materials obey the Brillouin expression, with the exception 
that the Bohr magneton must be replaced by the nuclear magneton (µN) = 5.0506 × 10-27 
A-m^2 and the nuclear quantum number I replaces the atomic constant, J. Determine the 
magnetic moment per unit mass and entropy for copper as a nuclear paramagnetic system 
with g = 2, I = 1/2, M = 63.54 g/mol, and R = 130.8 J/kg.K. The copper temp is 0.004 
K and the applied magnetic field is 4.35 MA/m (= 5.47 T).[1]

“EES Solution:”

“We have:”

M = 0.06354 [kg/mol]“…for copper”

I = 1/2 “…Nuclear Quantum no. for copper”

N_0 = 6.023 * 10^23 “ per mol …. Avogadro’s No.”

mu_N = 5.0506 * 10^(-27) “[A-m^2] .. Nuclear magneton”
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mu_0 = 4 * pi * 10^(-7) “[J/A-m^2] …permeability of free space”

H = 4.35 * 10^6 [A/m]

k = 1.3805 * 10^(-23) [J/K] “…Boltzmann constant”

n = N_0 / M “…no. of ions per unit mass”

Lande_g = 2 “…for copper”

R = 130.8 [J/kg-K] “…for copper”

T = 0.004 [K] “…by data”

“Calculations:”

“Then, we get:”

Xi = Lande_g * mu_N * mu_0 * H / (2 * k * T)

“And, get Brillouin Function, B and sbyR using the EES Procedure:”

CALL Brillouin_Function_entropy(Xi, I: B, sbyR)

“Magnetic moment for copper:”

I_cu = (1/2) * n * Lande_g * mu_N * B

“And, Entropy, s:”

s = R * sbyR “J/kg-K”
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Results:

Thus:

Magnetic moment per unit mass = I_cu = 0.02212 A-m^2/kg … Ans.

Entropy = s = 76.15 J/kg-K … Ans.
 

Prob.4.3.38 A He3-He4 dilution refrigerator operates with a flow rate of He3 of 1.53 × 
10-4 mol/s. The liquid He3 enters the mixing chamber at 0.04 K and the dilute phase leaves 
the mixing chamber at 0.03 K. Determine the heat transfer rate to the mixing chamber 
from the low temp region.[1]
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EES Solution:

n_3 = 1.53 * 10^(-4) [mol/s]

T_i = 0.04 [K] “… temp of He3 mixture entering the mixing chamber”

T_m = 0.03 [K] “… temp of He3 mixture leaving the mixing chamber”

C_1 = 94 [J/mol-K^2]

C_2 = 12 [J/mol-K^2]

“Then, we have:”

h_m = C_1 * T_m^2 “J/mol”

h_i = C_2 * T_i^2 “J/mol”
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“Therefore, heat transfer rate to mixing chamber from low temp region:”

Q_a = n_3 * (h_m – h_i) “W”

Results:

Thus:

Heat transfer rate to mixing chamber from low temp region :

Q_a = 0.00001001 W = 10.01 µW … Ans.
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