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[A By Dy]=[ E(@)[Lz 2°]dA

(10)
A = [, G(z)dA,

[AT,, BT,]= IAE(z)a(z)AT(x, 2)[1 z]dA (11)

Using the relations in Egs. (10) and (11), Eq. (9) can be rewritten as

1L
S = Ejo [A (U0, ) —2BU°, ¢°,, —2AT,U°, +D,,(4°,,)°

£ 2BT, %, + A (—4°)2 — 2R, 8°W°, +AL (W, )’ (12)
+ jA E(z)(oz(z))2 (AT (x, Z))2 dA]dx.

Taking the first variation with respect to the nodal degrees of freedom and

applying Green’s theorem in conjunction with integration by parts transforms Eq. (12)

into the equations of motion in terms of u®, w°, and ¢°as

Su’:-AU°, +B,#°, +AT,, =0, (13)
Wt Ay (8, —W,, ) =0, (14)
5¢O : Blluo'xx _D11¢O’xx _BTnix _Ass(WO’x _¢O) =0. (15)
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The two-dimensional mathematical formulation of this problem is given as

2 kl(T)aT(X Z)} {k (T)aT(X Z)} 0 in z<z<z, 0<x<L (64)

ol oT, (x,2) aTz(X! z) _ :
E_k( T)—} > [k( T)T}—O in z,<z<z;, 0<x<L (65)
a—az o) T2 Z)} [k T2 Z’} 0 inz<1<7,0<x<L  (66)

subject to the boundary and interface conditions

T(x,z)=T, at z=z (67)
T,(%2)=T, (68)
(M EED D | #E7E )
T,(x,2) =T, (70)
(e TeD oy Tald) & 2= -
T(x2)=T, at z=z, (72)
T(x,z)=T, at x=0 (73)
T(x2)=T, a x=L (74)
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where k (T), k,(z,T), and k,(T) are the thermal conductivities coefficients for steel,
graded layer, and alumina, respectively. Since layers 1 and 3 are homogenous materials,
their thermal conductivities k, and k, are considered independent of the position z
throughout layers 1 and 3; however they still depend on the temperature T. The thermal
conductivity of the graded layer k,(z,T) is assumed to vary in the direction of the beam

thickness and with the temperature according to

k(z,T)=kt(T)[1+ Ak (1) —k (Va2 j -
3 TV, (2) +(k (T) + 24 TV, @)

The partial differential equations (64)-(66) are classified as elliptic type [43]. This
kind of equation is also well-known as the homogeneous Laplace equation. It is important
to realize that this problem becomes nonlinear due to the nonlinearity introduced to the
governing differential equation by the variation of the thermal conductivity k(z,T) with
the temperature T , which is the dependent variable itself of this problem.

This nonlinear heat conduction steady-state problem was solved iteratively using a finite
element partial differential equation solver using the computational tool MATLAB®.
During the solution, the temperature dependency of the thermo-mechanical material
properties is considered. That is, during the solution process of finding the temperature
distribution in the different layers, these material properties are updated iteratively
according to the actual temperature at the particular geometrical position. The material
property data was fitted using cubic-spline interpolation, as discussed in the temperature

dependence of material properties section in Chapter 3, and incorporated into the
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numerical procedure so that the solver can interpolate to determine the thermal
conductivity of a material at any temperature. The resulting temperature distribution will

be used as a thermal load into a finite element code for analyzing stresses in FGM beam

models in Chapter 5.

56

www.manharaa.com




Chapter 5 Analyses and Results

Introduction

This chapter discusses the results of the analyses performed in this research. The
analyses are performed using the computational tool MATLAB®. Comparisons with
FGMs models available in related literature are made. Also, analytical and numerical
simulations of thermal loading studies conducted on the FGMs beam structures are
presented. The beam models are studied to show the performance of the element
formulations presented in Chapter 4. The mathematical formulation and solution details
of these problems are included in Chapter 4 as well. Additionally, this chapter introduces
a study to determine the influence of manipulating the FGM layer thicknesses on the
factor of safety in structures constructed of functionally graded materials under thermal

loads.

Comparisons of the Element Formulation Simulations with Related
Literature

This section will present simulations of FGMs model results available in the
related literature for comparison purposes. These comparisons will reveal the

performance of the element formulations presented in Chapter 4. Two groups of

57

www.manaraa.com



comparisons will be presented. The first group involves an example of thermal stress
distribution in a tri-layered FGM model analyzed by Suresh and Mortensen [2]. The
second group of comparison involves the analysis of FGM beams in stress smoothening
when more than one type of material is present in the structures, as presented by
Chakraborty et al. [1]. For both groups, problems will be revisited and their results will

be compared with the results of this research [1, 2].

Comparison with Suresh and Mortensen’s Model

The formulated element in this work is used to compare with an example of
thermal stress distribution in a tri-layered FGM model analyzed by Suresh and Mortensen
[2]. The model considered is a system of Ni-graded layer (GL)-Al,O5 tri-layered
composed beam as shown in Figure 21. In this literature, the thermoelastic properties

within the graded layer vary linearly with z, according to

E=E,+AEZ for —a<z<a, (76)
a

05:050+A05E for —a<z<a, (77)
a

where A preceding a property refers to the change in that property for a change in
temperature AT, and the subscript , on a property refers to the value of that property at

the initial reference temperature. At this point, it important to mention that even though
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this literature uses a different approach for calculating the material properties and does
not give details about the actual properties values used in its model, our intention here is
to make a qualitative comparison rather than a quantitative one. With this in mind, we
proceed to compare the results for the axial thermal stress distribution throughout the

thickness found in the referenced literature and the present work.

Figure 21. Geometry and nomenclature for a tri-layered composed beam model from
literature reference [1].
Figure 22 shows the spatial variation of the thermal axial stress o,, (in plane

stress) throughout the thickness of the Ni-GL-Al,O; tri-layered beam subject to a
temperature drop of 100 °C (from an initial stress-free reference temperature) for the

particular geometrical condition that h, =h, =h and that a/h=0.6. The constituent

materials of this model and their properties are given in Table 5.
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conductivity decreases as studied previously in the “Consideration of Temperature

Dependence of Material Properties” section in Chapter 3 (see Figure 11 and Figure 12).

x10° Thermal conductivity (W/m °C) u m—s Thermal canductivity (W/m °C)
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Figure 38. Thermal conductivity k distribution with and without temperature dependence
(Bimaterial case).
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Figure 39. Temperature profile with and without temperature dependence (Bimaterial

case).
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The next analyzed model is a three-layer beam composited of a steel bottom layer,
an alumina top layer, and a homogeneous material interlayer, as shown in Figure 40. The
material properties of this interlayer are taken as the average values of the steel and
alumina. Figure 41 shows thermal conductivity k distribution with and without
temperature dependence for this model. Again, we can see from Figure 41 (a) that the
thermal conductivity is constant throughout the entire layer for each material (51.26
W/m.K for steel, 18.41 W/m.K for alumina, and 34.83 W/m.K for the average interlayer;
properties are taken at the average temperature 235 °C) when temperature influence is not
considered. As in the preceding bi-material model, the actual thermal conductivity
distribution for this model is very different when temperature dependence is taken into
account (Figure 41 (b)). Here we can observe that when temperature dependence is
considered, the actual thermal conductivities values for steel, alumina, and the average
interlayer vary from 55 to 62 W/m.K, 12 to 40 W/m.K, and 30 to 50 W/m.K,
respectively. Again, as in the bi-material model, this difference on the thermal
conductivity distribution affects the temperature profile distribution as shown in Figure
42. Similar behavior in comparison with the bi-material model can be seen here. That is,
for a particular position z other than a boundary, the temperatures are higher in Figure 42
(a). Also in this model, it is found that the heat insulation effect of alumina in Figure 42
(b) is higher than in Figure 42 (a). Now, comparing this model with the bi-material

model, we see that in this model the heat insulation effect of alumina is higher.
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Figure 40. Beam geometry and boundary conditions (Average interlayer)
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Now, we study the effect of substituting the homogeneous material interlayer by a
functionally graded material (FGM) interlayer, as shown in Figure 43. The material
properties of this interlayer are calculated according to the formulas given in Table 1 in

Chapter 3.

x10° T=1450°C
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r r r r r r r r r

-5
0 0.01 0.02 0.03 0.04 005 0.06 0.07 0.08 0.09 0.1
Beam length x (m) T=20°C

Figure 43. Beam geometry and boundary conditions (FGM interlayer)

Figure 44 depicts the thermal conductivity k distribution with and without
temperature dependence for this model. For this model, we can see from Figure 44 (a)
that the thermal conductivity is constant throughout the entire layer for the homogenous
layers (51.26 W/m.K for steel and 18.41 W/m.K for alumina, both at 235 °C), but it
changes continuously from 51.26 to 18.41 W/m K for the FGM interlayer when
temperature influence is not considered. In Figure 44 (b) we see that the actual thermal

conductivity distribution is very different from the results in Figure 44 (a) where
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temperature dependence was not considered. For this model, the actual thermal
conductivities values for steel, alumina, and the FGM interlayer vary from about 60 to 62
W/mK, 12 to 40 W/m.K, and 20 to 60 W/m.K, respectively. The influence of this
different behavior is manifested in the temperature profile distribution shown in Figure
45. As in the two preceding models, similar results are found for this model; that is, the
temperatures are higher in Figure 45 (a) than in Figure 45 (b) for a particular position z
other than a boundary. Again, in this model the heat insulation effect of alumina in Figure
45 (b) is higher than in Figure 45 (a). When comparing this model with the bi-material
and average interlayer models, we see that in this model the heat insulation effect of
alumina is higher. This fact can be use in engineering applications where insulation

effects need to be improved.
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Figure 44. Thermal conductivity k distribution with and without temperature dependence
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To compare the thermo-elastic behavior of the three preceding models, we now
analyze the thermal stresses and factor of safety in these models subjected to the
corresponding temperature distribution found for each model. The results of this
comparison are summarized in the following figures.

The normalized axial stress through the thickness is shown in Figure 46. From
Figure 46 (a), we observe that when temperature dependence is considered, the absolute
value of axial stress is diminished at particular position z within the steel layer. For the
FGM and ceramic layers, the axial stress behavior is non-uniform. As we can see, within
these two last layers, there are regions where the absolute value of the axial stress is
diminished when temperature dependence is considered and regions where the behavior
is opposite.

When comparing the influence of the temperature for the three analyzed models,
it can be seen from Figure 46 (b) that the absolute value of axial stress is diminished in
the average and FGM interlayer model within the steel layer. For the FGM and ceramic
layers, the axial stress behavior is non-uniform.

From these results, apparently nothing definitive can be concluded yet regarding
the influence of including the temperature dependency in the design of the beam.
However, later on in this section, we will see that the inclusion of the factor of safety and

the specific factor of safety as a design criteria will allow us to chose the best design.
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@

(b)
Figure 46. Normalized axial stress through the thickness for actual temperature distribution.

The stress is normalized by (E, o, AT) and transverse coordinate (z) is normalized by the beam thickness.
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Figure 47. Normalized transverse shear stress through the thickness for actual temperature distribution.

The shear stress, 7,, (X), is normalized by ( E, o, AT, (X)) and transverse coordinate (2) is normalized by

the beam thickness.
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As discussed earlier in this section, we calculate the factor of safety of the models

to have a decision criterion for finding the most conve nient beam model.

Figure 48 displays the factors of safety and their corresponding position of
calculation for the different analyzed models. Table 9 summarizes the numerical values

of these factors of safety.
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Figure 48. Factor of safety for the different models
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Table 9. Factor of safety for the different models.

Temperature Temperature
Case
independent dependent
Bimaterial
] 1.8964 1.3521
(No FGM interlayer)
Tri-layer
) 1.6756 1.2869
(Average interlayer)
Tri-layer
] 2.0445 1.1257
(FGM interlayer)

From the results in Table 9, we see that in general the factor of safety of the

models decreases when temperature dependency is considered.

Although the factor of safety is shown to decrease by adding an interlayer, these

results are only for the special model case shown in Figure 40 and Figure 43. In a later

section, we will show how a different three-layer case gives higher factor of safety.
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Influence of the Interlayer Thickness on the Factor of Safety in Composite
Beams

This section describes a study to determine the influence of manipulating the
FGM interlayer thickness of the beam on the factor of safety in structures constructed of
functionally graded materials under thermal loads. This study will allow, among other
benefits, an analysis/comparison of the advantages/benefits of using structures
constructed of functionally graded materials with respect to those constructed with
homogenous materials. The beam models to be used in this study are shown in Figure 49.
As noted, they are essentially the same composed cantilever beams studied in previous
sections. The interested outputs are the factor of safety and the maximum temperature on
the beams layers constructed of FGMs under thermal loads. The finite element program

developed in chapter 3 is used to automate this study.

T,=T, . T,=T,

z z
Ty%,2) To(x,2) 4\h,
h, Homogeneous Layer

Homogeneous Layer

Ti=T,

a) Bi-material beam b) PFGM beam

Figure 49. Beam models for studying the effect of the FGM interlayer thickness in the factor of safety.

First, the bi-material model is studied to find out the maximum thickness of the
metallic layer able to meet the maximum temperature constraint in that layer. The upper
layer of the beam (ceramic) was allowed to be made thinner as the lower layer (metallic)

was increased in thickness. Once this maximum possible thickness was found, it served
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as baseline thickness of the metallic layer for studying the influence of the graded

interlayer thickness on the factor of safety for the 3-layer composite beam.

Determination of the Baseline Thickness of the Metallic Layer for Studying
the Influence of the FGM Interlayer in the Factor of Safety

For different metallic layer thicknesses, the maximum temperature in the metallic
layer was calculated for the bi-material beam model (steel/Al,O3). Without losing
generality, the maximum temperature allowable within the steel layer was set to 160 °C.
Although the factor of safety is also calculated for the bi-material models in this section,
it was not used as a determining factor in finding the baseline thickness of the metallic
layer; it was included just to have a preliminary idea of its behavior when changing the

layer thicknesses of the model.

Table 10. Layer thickness variation for the bi-material model.

Steel thickness (m) | Alumina Thickness (m) | Max. temp. steel (°C) | Factor of safety
0.0005 0.0095 27.90 1.5843
0.0010 0.0090 36.16 1.7080
0.0015 0.0085 44.72 1.8692
0.0020 0.0080 53.73 1.8481
0.0025 0.0075 63.20 1.8272
0.0030 0.0070 73.15 1.7871
0.0035 0.0065 83.81 1.7507
0.0040 0.0060 95.26 1.6345
0.0045 0.0055 107.85 1.5002
0.0050 0.0050 120.92 1.3527
0.0055 0.0045 135.62 1.2936
0.0060 0.0040 151.84 1.2501
0.0061 0.0039 155.31 1.2235
0.0062 0.0038 158.86 1.2169
0.00621 0.00379 159.22 1.2166
0.00622 0.00378 159.58 1.2161
0.00623 0.00377 159.94 1.2157
0.00624 0.00376 160.31 1.2153
93

www.manaraa.com



The numerical results of this study are shown in Table 10. The results reveal that
as the steel thickness is increased and the ceramic layer thickness is decreased the
maximum temperature in steel increases.

From the results we can establish that the baseline thickness of the metallic layer
is 0.00623 m. Also, as a preliminary examination, we can see that the factor of safety of
the beam tends to diminish as we reduce the ceramic material thickness from the beam.

This fact gives us a criterion for choosing the placement of the FGM interlayer in next

section.
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Effect of Thickness of the Graded Interlayer in the Factor of Safety for the
Tri-layer Model

For different graded interlayer thicknesses, the factor of safety and the specific
factor of safety were calculated for the 3-layer beam model (steel/FG/AI,O3). The
numerical results of this study are shown in Table 11.

The maximum temperature allowable within the steel layer was set to 160 °C. For
the FGM interlayer the maximum temperature is constraint to satisfy the following

condition, based on the rule of mixtures,

Teom (2) <160V, (z) + 450V, (2) (79)

where T, (z) refers to the temperature in the FGM interlayer, and V, and V. the

volume fraction of the steel and ceramic layer, respectively.

Regarding the placement of the FGM interlayer, we found in preliminary
computations of the tri-layer model that the temperature constraints of the model do not
allow the interlayer to be a replacement toward the ceramic layer. Based on this fact, we
set the following conditions for this study:

1. we take the baseline thickness of the metallic layer found in the previous section
(0.00623 m) as the maximum thickness of the steel to meet the maximum
temperature requirement within it;

2. the baseline thickness of the ceramic layer was fixed at 0.00377 m;

3. the FGM layer thickness was increased in the direction of the steel layer, that is,
toward the bottom boundary face, diminishing the amount of steel from the

model.
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Table 11. Layer thickness variation for the 3-layer model.

Steel FGMinterlayer | Alumina Max. temp. | Max.temp. | Factor of | Specific
thickness thickness (m) thickness (m) | steel (°C) FGM (°C) safety factor of
(m) safety
0.00623 0.0000 0.00377 159.94 159.94 1.22 0.19007
0.00573 0.0005 0.00377 146.18 163.35 1.19 0.18864
0.00523 0.0010 0.00377 132.96 166.39 1.19 0.19178
0.00473 0.0015 0.00377 120.23 168.78 1.21 0.19776
0.00423 0.0020 0.00377 108.15 172.02 1.22 0.20388
0.00373 0.0025 0.00377 96.43 174.27 1.25 0.21209
0.00323 0.0030 0.00377 85.06 176.94 1.30 0.22319
0.00273 0.0035 0.00377 74.26 179.02 1.34 0.23373
0.00223 0.0040 0.00377 63.52 181.61 1.37 0.24311
0.00173 0.0045 0.00377 53.27 183.82 1.38 0.24977
0.00123 0.0050 0.00377 43.32 185.94 1.37 0.25339
0.00073 0.0055 0.00377 33.65 188.29 1.35 0.25310
0.00023 0.0060 0.00377 24.25 189.85 1.32 0.25263
0.00013 0.0061 0.00377 22.39 190.24 1.31 0.25174
0.00003 0.0062 0.00377 20.55 190.63 1.30 0.25116

Figure 50 shows the factor of safety as a function of FGM interlayer thickness.
From this figure, we can see that the factor of safety of the beam tends to behave
nonevenly as the interlayer thickness increases. Initially, for relatively low interlayer
thicknesses (0 to 0.0010 m), the factor of safety decreases, then for thicknesses from
0.0010 to 0.0045 m it increases up to its maximum value of 1.38. For thicknesses
between 0.0045 to 0.0062 m, the factor of safety starts decreasing its value again up to
1.30. As we can see, this value of the factor of safety is not that low compared to those
found for low interlayer thicknesses. It is important to realize that for small interlayer
thicknesses, the amount of metallic material in the beam is high, while for larger
interlayer thicknesses the content of metal is low. From this fact, we can conclude that, in
general, the factor of safety tends to improve as we increase the FGM interlayer thickness

in the beam.
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From Figure 50, and based in the factor of safety criterion, we could tend to
decide that the best FGM interlayer thickness is 0.0045 m where its factor of safety has a
maximum value of 1.38. However, as we discuss next, we will see that this is not the best

decision criterion.

1.38 /\6

1.36 \@\
1.34 /¢
1.32 &

1.3

1.28
1.26

1.24 /d
1.22
N

1.18

Factor of safety

0 1 2 3 4 5 6 7
FGM interlayer thickness (m) N 10-3

Figure 50. Effect of thickness of FGM interlayer in the factor of safety for the tri-layer model
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Figure 51. Effect of thickness of FGM interlayer in the specific factor of safety for the tri-layer model

To make a better decision criterion for finding the best interlayer thickness, we

use the specific factor of safety of the model, which is given by

SFS =5 (80)
SG

where SFS, FS,and SG are the specific factor of safety, factor of safety, and specific
gravity of the beam, respectively. The SFS ratio is a convenient decision parameter in
determining the interlayer thickness since it combines together the strength and mass of
the beam.

Figure 51 shows the specific factor of safety as a function of FGM interlayer
thicknesses. As in the preceding factor of safety case, similar behavior can be seen here.

That is, the specific factor of safety of the beam tends to behave nonevenly as the
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interlayer thickness increases. Again, for low interlayer thicknesses from 0 to 0.0005 m,
the SFS decreases; for thicknesses from 0.0005 to 0.0050 m the SFS increases up to its
maximum value of 0.253. However, differently from factor of safety case, for thicknesses
between 0.0050 to 0.0062 m, the SFS tends to flatten out its value to 0.253. As we can
see, this value of the specific factor of safety is not that low compared to those found for
low interlayer thicknesses.

Finally, from Figure 51, and based in the specific factor of safety criterion, we can
decide that the best FGM interlayer thickness for the given conditions is 0.0050 m where
its SFS has a maximum value of 0.253. Even though this FGM interlayer thickness
(0.0050 m) seems to be relatively close to the one found using the FS criterion (0.0045
m), for a different applications and/or conditions this small difference could be very
significant, especially in engineering applications that are highly sensitive to the

geometrical parameters.
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Chapter 6 Conclusions and Future Work

Introduction

This chapter summarizes the findings of the analyses and the models studied in
this dissertation. Also, potential practical applications and benefits of this work within
industry are discussed. Finally, recommendations for future research are made to
supplement the modeling and analyzing techniques for functionally graded materials

structures presented in this work.

Conclusions

From the simulation results for the beam models, both elements (2-node and 3-
node) perform equally in the example cases presented in terms of axial stress and
transverse shear stress when calculated from the constitutive relations. However, when
the shearing stress is calculated using the equilibrium equation, only the three-node
element performs well. The inclusion of the axial gradient for the examples chosen does
not alter the axial stresses significantly but does produce differences in the transverse

shear stress as calculated from the equilibrium equation.
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The 3-node beam element model was implemented into a finite element code in
MATLAB and code verification was performed on a composite cantilever beam.
Benchmark comparisons of finite element predictions of stress field with the analytical
solutions for a composite cantilever beam resulted in a good agreement. Simulations were
also successfully performed on different beam models, which demonstrate the ability of
the 3-node beam element model to simulate thermo-mechanical stresses in different

structures and under different mechanical and thermal loading conditions.

Comparisons of the element formulation with FGM models available in related
literature are presented. In general, from the results of these comparisons, we can
conclude that the qualitative and quantitative results obtained in this work are very
similar to the referenced literature, which demonstrates a suitable performance of the

element formulations presented in this work.

From the beam model simulations with actual temperature distributions with and
without temperature dependence of the thermo-elastic material properties, it was revealed
that when temperature dependence is taken into account, the temperature profile
distribution within the model is very different from the results obtained when temperature
dependency is not considered. The heat insulation effect of alumina is higher when the
temperature dependence is considered. It was also found that introducing a FGM
interlayer between the bi-material beam model produce higher heat insulation effect
when comparing with the bi-material and average interlayer models. This fact can be

used in engineering applications where insulation effects need to be improved.

From the study of the influence of the FGM interlayer thicknesses on the factor of

safety in beam structures constructed of FGMs under thermal loads, it can be concluded
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that the interlayer thickness significantly influences the stress distribution, factor of

safety, and the specific factor of safety of the structure.

In answer to the question posed in the introduction about how to implement
element formulations for structures composed of FGMs, it can be stated that the

implementation involved several steps:

1. the ability to integrate the variation of material properties through-the-
thickness needs to be added to the material library for beam elements;

2. explore the effects of spatial temperature variation in the axial and through-
the-thickness direction of the finite element;

3. consider the influence of the temperature dependency of the material
properties on the thermal stresses;

4. study the effect of the constituent layer thicknesses on the stresses, factor of

safety, and specific factor of safety.
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Recommendations and Future Work

Even though the results found in this work were compared with the related
literature, they should be used only as approximations, as further experimental testing

should be used to verify the simulations results.
The following recommendations and future work is suggested.

1. We recommend further investigation of functionally graded beam structures with
material properties varying in directions other than through-the-thickness.

2. One could develop a design of experiments study on the influence of the variables
affecting the factor of safety/mass ratio in structures constructed of functionally
graded materials under thermo-mechanical loads. This study would allow, among
other benefits, an analysis/comparison of the advantages/benefits of using
structures constructed of functionally graded materials with respect to those
constructed with homogenous materials.

3. A further investigation regarding the techniques for estimating effective material
properties of functionally graded materials is desirable. In the graded layer of real
FGMs, ceramic and metal particles of arbitrary shapes are mixed up in arbitrary
dispersion structures. Hence, the prediction of the thermo-elastic properties is not
a simple problem, but complicated due to the shape and orientation of particles,
the dispersion structure, and the volume fraction. This situation implies that the
reliability of material-property estimations becomes an important key for

designing a FGM that meets the required performance.
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